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1 Introduction
In recent years, there is an increasing effort in understanding the covariant description of gravitational
theories (General Relativity and other derived from it) using different kinds of geometric frameworks
such as the multisymplectic or the polysymplectic manifolds. Thus, in [3, 8, 9, 10, 21, 25, 26, 27, 35,
36, 43, 44, 46] general aspects of the theory are studied in this way, meanwhile other papers are devoted
to consider several particular problems. For instance, in [7, 24, 41, 42] the reduction and projectability
of higher-order theories (such as the Hilbert-Einstein model) is analized, in [47] the vielbein models
of General Relativity are studied using the multisymplectic formulation and in [32, 33, 34] interesting
contributions to the problem of the precanonical quantization of gravity are done.
The multisymplectic and polysymplectic techniques have been also applied to treat different aspects
of one of the most classical approaches in General Relativity: the Einstein-Palatini or Metric-Affine
model [4, 5, 31, 37, 38]. In particular, in [5] an exhaustive study of the multisymplectic description of
the model has been done, using a unified formalism which joins both the Lagrangian and Hamiltonian
formalisms into a single one. This unified framework had been previously stated to do a covariant
multisymplectic formulation of the Hilbert-Einstein model in General Relativity [25].
This paper is another contribution in order to complete the multisymplectic description of the Einstein-
Palatini theory (without energy-matter sources). In particular, we are especially interested in the follow-
ing problem: as a consequence of the degeneracy of the Lagrangian, this is a premultisymplectic field
theory and the Lagrangian field equations are incompatible in the jet bundle where the Lagrangian for-
malism takes place. The problem of finding a submanifold where this equations have consistent solutions
(if it exists) is solved by applying a constraint algorithm adapted to this premultisymplectic scenario (see,
for instance, [12, 14] for a geometric description of these kinds of algorithms). Our first aim is to im-
plement a local-coordinate version of these algorithms. In order to do it, the field equations are stated in
a more geometrical way, as equations for distributions, using certain kinds of multivector fields, and in
the last step studying their integrability. The second objective is to construct the Hamiltonian formalism
of the theory and, then, apply the corresponding constraint algorithm to solve the incompatibility of the
Hamiltonian field equations. The constraints arising in both formalisms play a relevant role in describing
the main features of the theory and, in the Hamiltonian formalism, the choice of different kinds of coordi-
nates (which have a clear geometric interpretation) allows us to better understanding several geometrical
characteristics of the formalism.
The Metric-Affine model, as it is currently understood, appeared first in the 1925 paper of A. Einstein
[20], where the author stated that imposing the vanishing of the trace of the torsion of the connection,
together with the field equations, is enough to recover the Levi-Civita connection associated with the
metric. Later, several authors, like [11], pointed out that this property is related to the existence of a
particular gauge symmetry. Another objective of this work is to make a geometrical analysis of this
gauge freedom and to recover the Einstein-Hilbert model for General Relativity by means of a partial
gauge fixing. A brief discussion on the classical Lagrangian symmetries of the theory and their associated
currents is also done.
The paper is organized as follows: Section 2 is devoted to present a brief review on some previous
geometric structures such as on multivector fields and distributions, as well as the suitable jet bundle and
its corresponding multimomentum bundles needed for developing the Lagrangian and the Hamiltonian
formalisms of the theory. Next we describe geometrically the Einstein-Palatini model without energy-
matter sources. First, in Section 3, the Lagrangian formalism of this theory is studied in detail and the
Lagrangian constraint algorithm is applied by steps, obtaining the final constraint submanifold where
the Lagrangian field equations have consistent solutions. The geometric interpretation of the different
kinds of constraints and the gauge and natural Lagrangian symmetries are also discussed here. Second,
in Section 4 the Hamiltonian formalisms is stated and analysed in an analogous way, using two different
kinds of coordinates. Finally, the relation with the Einstein-Hilbert model is established in Section 5, and
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it is used to obtain the final constraint submanifold where the multivector fields solutions are integrable,
both in the Lagrangian and the Hamiltonian formalisms. At the end of the paper, an appendix is included,
where we state the basic considerations and definitions on the concepts of (Noether) symmetries and
gauge symmetries for Lagrangian field theories.
All the manifolds are real, second countable and C∞. The maps and the structures are C∞. Sum
over repeated indices is understood.
2 Geometric elements
2.1 Multivector fields
(See [16] for details).
Definition 1. Let τ : M→M be a fiber bundle.
An m-multivector field inM is a skew-symmetric contravariant tensor of order m inM. The set of
m-multivector fields inM is denoted Xm(M).
In general, a multivector fieldX ∈ Xm(M) is said to be locally decomposable if, for every p ∈ M,
there is an open neighbourhood Up ⊂M and X1, . . . , Xm ∈ X(Up) such thatX|Up = X1 ∧ . . . ∧Xm.
Locally decomposablem-multivector fieldsX ∈ Xm(M) are locally associated withm-dimensional
distributionsD ⊂ TM, and multivector fields associated with the same distribution make an equivalence
class {X} in the set Xm(M). Then,X is integrable if its associated distribution is integrable.
For everyX ∈ Xm(M), there exist X1, . . . , Xr ∈ X(U) such that
X|U =
∑
1≤i1<...<im≤r
f i1...imXi1 ∧ . . . ∧Xim ,
with f i1...im ∈ C∞(U), m 6 r 6 dimM. If two multivector fields X,X′ belong to the same equiv-
alence class {X} then, for every U ⊂ M, there exists a non-vanishing function f ∈ C∞(U) such that
X′ = fX on U .
If (xµ, yi) are fiber coordinates in the bundle τ : M→M , a τ -transverse and locally decomposable
multivector fieldX ∈ Xm(M) is
X =
m∧
µ=1
(
∂
∂xµ
+Xαµ
∂
∂yi
)
.
A section ψ(xµ) = (xµ, ψα(xν)) of τ is an integral section of X if its component functions satisfy the
following system of partial differential equations
∂ψα
∂xi
= Xαi ◦ ψ .
Definition 2. If Ω ∈ Ωk(M) and X ∈ Xm(M), the contraction between X and Ω is defined as the
natural contraction between tensor fields; in particular,
i(X)Ω |U :=
∑
1≤µ1<...<µm≤r
fµ1...µm i(Xµ1 ∧ . . . ∧Xµm)Ω
=
∑
1≤µ1<...<µm≤r
fµ1...µm i(Xµ1) . . . i(Xµm)Ω ,
if k ≥ m, and equal to zero if k < m. The Lie derivative of Ω with respect toX is defined as
L(X)Ω := d i(X)Ω− (−1)m i(X)dΩ .
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Definition 3. A multivector fieldX ∈ Xm(M) is τ -transverse if, for every β ∈ Ωm(M) with β(τ(p)) 6=
0, at every point p ∈ M, we have that (i(X)(τ∗β))p 6= 0. If X ∈ Xm(M) is integrable, then it is τ -
transverse if, and only if, its integral manifolds are local sections of τ . In this case, if ψ : U ⊂M →M
is a local section and ψ(U) is the integral manifold of X at p, then Tp(Imψ) = Dp(X) and ψ is an
integral section ofX.
Definition 4. Consider the case that M = J1pi, where J1pi is the first-order jet bundle of a bundle
E → M . Then, a multivector field X ∈ Xm(J1pi) is holonomic if it is integrable and its integral
sections are holonomic sections of the projection pi1 : J1pi → M (and hence it is locally decomposable
and pi1-transverse).
2.2 Geometrical setting for the Einstein-Palatini action (without energy-matter sources)
We introduce here the Metric-Affine (or Einstein-Palatini) action for the Einstein equations of gravity
without sources (no matter-energy is present).
The configuration bundle for this system is the bundle pi : E→M , whereM is a connected orientable
4-dimensional manifold representing space-time, whose volume form is denoted η ∈ Ω4(M), and E =
Σ ×M C(LM), where Σ is the manifold of Lorentzian metrics on M and C(LM) is the bundle of
connections on M ; that is, linear connections in TM .
Consider a natural system of coordinates (xµ, vα) in the tangent space τ : TM → M , such that
η = dx0 ∧ . . . ∧ dx3 ≡ d4x. We use adapted fiber coordinates in E, denoted (xµ, gαβ,Γνλγ), (with
0 ≤ α ≤ β ≤ 3, and µ, ν, γ, λ = 0, 1, 2, 3). The functions gαβ are the components of the metric
associated to the charts in the base (xµ), and Γνλγ are the Christoffel symbols of the connection (and then
the component functions Γνγ of the linear connection are Γ
ν
γ = τ
∗(−Γνλγvλ) [19]). Since g is symmetric,
gαβ = gβα and actually there are 10 independent components. We do not assume torsionless connections
and hence Γνλγ 6= Γνγλ, in general. Thus dim E = 78. When we sum over symmetric indices and not over
all the components, we order the indices as 0 ≤ α ≤ β ≤ 3.
In order to state the formalism we consider the first-order jet bundle J1pi, which is the manifold of
the 1-jets of local sections φ ∈ Γ(pi); that is, equivalence classes of local sections of pi. Points in J1pi
are denoted by j1xφ, where x ∈ M and φ ∈ Γ(pi) is a representative of the equivalence class (here Γ(pi)
denotes the set of sections of pi). We have the natural projections
pi1 : J1pi −→ E
j1xφ 7−→ φ(x) ;
pi1 : J1pi −→ M
j1xφ 7−→ x .
Induced coordinates in J1pi are denoted (xµ, gαβ, Γνλγ , gαβ,µ, Γ
ν
λγ,µ), and dim J
1pi = 374. Finally, if
φ ∈ Γ(pi), the 1st prolongation or canonical lifting of φ to J1pi is denoted by j1φ ∈ Γ(pi1).
A special kind of vector fields are the coordinate total derivatives [39, 45], which are locally given as
Dτ =
∂
∂xτ
+
∑
α≤β
(
gαβ,τ
∂
∂gαβ
+ gαβ,µτ
∂
∂gαβ,µ
)
+ Γναβ,τ
∂
∂Γναβ
+ Γναβ,µτ
∂
∂Γναβ,µ
.
Observe that, if f ∈ C∞(J1pi), then Dτf ∈ C∞(J2pi).
Next, letMpi ≡ Λ42(T∗E) be the bundle of 4-forms in E vanishing by the action of two pi-vertical
vector fields, which is usually called the extended multimomentum bundle of E, and is endowed with the
canonical projections
κ : Mpi → E ; κ = pi ◦ κ : Mpi →M .
Induced local coordinates inMpi are (xµ, gαβ,Γνλγ , p, pαβ,µ, pλγ,µν ), with 0 ≤ α ≤ β ≤ 3. This bundle
is endowed with the tautological (or Liouville) 4-form Θ ∈ Ω4(Mpi) and the canonical (or Liouville) 5-
form Ω = −dΘ1 ∈ Ω5(Mpi) which is a multisymplectic form; that is, it is closed and 1-nondegenerate.
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Their local expressions are
Θ = p d4x+
∑
α≤β
(
pαβ,µ dgαβ ∧ d3xµ + pλγ,µν dΓνλγ ∧ d3xµ
)
,
Ω = −dp ∧ d4x−
∑
α≤β
(
dpαβ,µ ∧ dgαβ ∧ d3xµ + dpλγ,µν ∧ dΓνλγ ∧ d3xµ
)
;
where d3xµ = i
(
∂
∂xµ
)
d4x.
3 The Metric-Affine model: Lagrangian formalism
3.1 Poincare´-Cartan forms and field equations
(See, for instance,[1, 15, 16, 22, 24, 29, 45] for the general setting of the Lagrangian formalism of field
theories in jet bundles).
The Einstein-Palatini (or Metric-Affine) Lagrangian density is a pi1-semibasic 4-formLEP ∈ Ω4(J1pi);
then LEP = LEP (pi1)∗η, where LEP ∈ C∞(J1pi) is the Einstein-Palatini Lagrangian function which, in
the above coordinates, is given by
LEP =
√
|det(g)| gαβRαβ ≡ %gαβRαβ = %R ,
where % =
√|det(gαβ)|,R = gαβRαβ is the scalar curvature,Rαβ = Γγβα,γ−Γγγα,β+ΓγβαΓσσγ−ΓγβσΓσγα
are the components of the Ricci tensor, which depend only on the connection, and gαβ denotes the inverse
matrix of g, namely: gαβgβγ = δαγ . It is useful to consider the following auxiliary functions:
Lβγ,µα :=
∂LEP
∂Γαβγ,µ
= %(δµαg
βγ − δβαgµγ) , (1)
H := Lβγ,µα Γ
α
βγ,µ − LEP = %gαβ
(
ΓγβσΓ
σ
γα − ΓγβαΓσσγ
)
. (2)
The bundle J1pi is endowed with a canonical structure which is called the vertical endomorphism, V ∈
Ω1(J1pi)⊗Γ(J1pi,V(pi1))⊗Γ(J1pi, p¯i1∗TM) (here V(pi1) denotes the vertical subbundle with respect to
the projection pi1, and Γ(J1pi,V(pi1)) the set of sections in the corresponding bundle) [1, 15, 22, 29, 45].
Then the Poincare´–Cartan forms associated with LEP are defined as
ΘLEP := i(V)LEP + LEP ∈ Ω4(J1pi) , ΩLEP := −dΘLEP ∈ Ω5(J1pi) ,
and the local expression for the last one is
ΩLEP = dH ∧ d4x− dLβγ,µα ∧ dΓαβγ ∧ d3xµ . (3)
Observe that it is a pi1-projectable form.
The variational problem [23, 40] associated to the system (J1pi,ΩLEP) consists in finding holonomic
sections ψL = j1φ ∈ Γ(pi1) (with φ ∈ Γ(pi)) which are solutions to the equation
ψ∗L i(X)ΩLEP = 0 , for every X ∈ X(J1pi) ,
or, what is equivalent, which are integral sections of a multivector field XL contained in a class of
holonomic multivector fields {XL} ∈ X4(J1pi) such that
i(XL)ΩLEP = 0 , ∀XL ∈ {XL} ⊂ X4(J1pi). (4)
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The pi1-transverse multivector fieldsX ∈ X4(J1pi) can be characterized by demanding that i(X)(pi1)∗η 6=
0. Then, for a generic locally decomposable and pi1-transverse multivector field in J1pi we have the fol-
lowing local expressionX = f
3∧
ν=0
Xν , with
Xν =
∂
∂xν
+
∑
ρ≤σ
(
fρσ,ν
∂
∂gρσ
+ fρσµ,ν
∂
∂gρσ,µ
)
+ fαβγ,ν
∂
∂Γαβγ
+ fαβγµ,ν
∂
∂Γαβγ,µ
, (5)
where the coefficients are arbitrary functions of C∞(J1pi). If the multivector field is holonomic and we
set f = 1, then necessarily
X =
3∧
ν=0
 ∂
∂xν
+
∑
ρ≤σ
(
gρσ,ν
∂
∂gρσ
+ fρσµ,ν
∂
∂gρσ,µ
)
+ Γαβγ,ν
∂
∂Γαβγ
+ fαβγµ,ν
∂
∂Γαβγ,µ
 . (6)
Taking (5) and (3), the equation (4) becomes locally
0 = i(Xµ)dH + f
α
βγ,µ i(Xν)dL
βγ,ν
α − fαβγ,ν i(Xµ)dLβγ,να , (7)
0 =
∂H
∂gσρ
− fαβγ,µ
∂Lβγ,µα
∂gσρ
, (8)
0 =
∂H
∂Γαβγ
+
∑
ρ≤σ
(
fρσ,µ
∂Lβγ,µα
∂gρσ
)
+ f τρσ,µ
∂Lβγ,µα
∂Γτρσ
− f τρσ,µ
∂Lρσ,µτ
∂Γαβγ
=
∂H
∂Γαβγ
+
∑
ρ≤σ
fρσ,µ
∂Lβγ,µα
∂gρσ
; (9)
since
∂Lβγ,µα
∂Γτρσ
= 0. Equations (7) arise from the variations of the coordinates xµ and they hold as a
consequence of (8) and (9). The equations (8) arise from the variations on the components of the metric,
and contains the functions fαβγ,µ related to the connection, thus we call them connection equations.
Finally, the equations (9) arise from the variations on the components of the connection, and contain the
functions fσρ,µ, thus they are called metric equations.
The fact that a multivector field in J1pi has the local expression (6) (then being locally decomposable
and pi1-transverse) is just a necessary condition to be holonomic, since it may not be integrable; but,
if it admits integral sections, then its integral sections are holonomic. Locally decomposable and pi1-
transverse multivector fields which have (6) as coordinate expression are said to be semiholonomic in
J1pi (see [16] for an intrinsic definition of these kinds of multivector fields).
3.2 Compatibility and consistency constraints
In general, pi1-transverse and integrable multivector fieldsX ∈ X4(J1pi) which are solutions to (4) could
not exist. In the best of cases they exist only in some submanifold of J1pi [14]. The aim in this section
is to find the constraints that define this submanifold, using a local version of the geometric constraint
algorithms [12, 14].
First, we introduce the following notation: as it is usual,
ker4 ΩLEP := {X ∈ X4(J1pi) | i(X)ΩLEP = 0} .
We denote by ker4pi1 ΩLEP the set of locally decomposable and pi
1-transverse multivector fields satisfying
equations (4) but not being (semi)holonomic necessarily. Then, ker4SH ΩLEP and ker
4
H ΩLEP denote the
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sets of semi-holonomic and the holonomic multivector fields which are solutions to the equations (4),
respectively. Obviously we have
ker4H ΩLEP ⊂ ker4SH ΩLEP ⊂ ker4pi1 ΩLEP ⊂ ker4 ΩLEP . (10)
We make the study in several steps, following the next procedure: first we consider the problem
of finding locally decomposable and pi1-transverse multivector fields which are solution to (4) (that
is, the elements of ker4pi1 ΩLEP), then we look for the semi-holonomic multivector fields belonging
to ker4SH ΩLEP and finally, in the next Section, we analyze their integrability (finding the elements of
ker4H ΩLEP).
3.2.1 Non-semiholonomic multivector fields (elements of ker4pi1 ΩLEP): compatibility constraints
The set ker4pi1 ΩLEP consists of multivector fields of the form (5) whose coefficients satisfy the connection
and metric equations (8) and (9) respectivelly. But the equations (9) are not compatible. In fact:
Proposition 1. The necessary condition for the existence of solutions to the metric equations (9) is that
the following equalities hold:
Aαβγ ≡ gβνT ναγ − gανT νβγ + 13gβγT ννα − 13gαγT ννβ = 0 , (11)
where Tαβγ are the components of the torsion tensor which are defined as usual, T
α
βγ = Γ
α
βγ − Γαγβ .
Proof. We introduce the following functions
iαβγ,λζν =
1
%
(
−1
2
gβγgλζδ
α
ν +
1
6
gλζgνγδ
α
β −
1
3
gλνgζγδ
α
β + gζγgλβδ
α
ν
)
, (12)
which satisfy that
∂Lβγ,µα
∂gρσ
iαβγ,λζν =
n(ρσ)
2
(δµν δ
σ
ζ δ
ρ
λ + δ
µ
ν δ
σ
λδ
ρ
ζ ) ;
where n(ρσ) is a combinatorial factor such that n(ρσ) = 1 for ρ = σ, and n(ρσ) = 2 for ρ 6= σ. Then,
using them in the metric equations (9), we obtain
0 = iαβγ,λζν
 ∂H
∂Γαβγ
+
∑
ρ≤σ
fρσ,µ
∂Lβγ,µα
∂gρσ
 = iαβγ,λζν ∂H∂Γαβγ + 12(fλζ,ν + fζλ,ν) .
These are equations for the functions fλζ,ν which, as a consequence of the symmetry of the metric,
gαβ = gβα, are also symmetric: fλζ,ν = fζλ,ν . Nevertheless, the equations are incompatible because
they are not symmetric under the change λ↔ ζ. In fact; we obtain that
iαβγ,λζν
∂H
∂Γαβγ
− iαβγ,ζλν
∂H
∂Γαβγ
= gλµT
µ
ζν − gζµTµλν + 13gλνTµµζ − 13gζνTµµλ = 0 ,
and the result follows from here.
Conditions (11) are called torsion constraints and they define the submanifold ST ↪→ J1E. These
torsion constraints are essential in the following discussion, since they impose strong restrictions on the
torsion. In fact:
Proposition 2. The torsion constraints (11) are equivalent to
Tαβγ =
1
3
δαβT
ν
νγ −
1
3
δαγ T
ν
νβ . (13)
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Proof. If (11) holds, then
0 =
1
2
gαµ (Aβµγ +Aβγµ +Aµγβ)
=
1
2
gαµ
(
gµνT
ν
βγ − gβνT νµγ + 13gγµT ννβ − 13gγβT ννµ + gγνT νβµ − gβνT νγµ
+ 13gµγT
ν
νβ − 13gµβT ννγ + gγνT νµβ − gµνT νγβ + 13gβγT ννµ − 13gβµT ννγ
)
= Tαβγ −
1
3
δαβT
ν
νγ +
1
3
δαγ T
ν
νβ .
Conversely, if Tαβγ =
1
3δ
α
βT
ν
νγ − 13δαγ T ννβ , then
Aαβγ = gβνT
ν
αγ − gανT νβγ + 13gβγT ννα − 13gαγT ννβ
= gβν
(
1
3δ
ν
αT
µ
µγ − 13δνγTµµα
)− gαν (13δνβTµµγ − 13δνγTµµβ)+ 13gβγT ννα − 13gαγT ννβ
=
1
3
(
gβαT
µ
µγ − gβγTµµα − gαβTµµγ + gαγTµµβ + gβγT ννα − gαγT ννβ
)
= 0 .
As a consequence of this result, on ST the torsion is determined by its “trace”, tr(T ) = T ναν .
Proposition 3. On the submanifold ST , the general solutions to the equations (8) and (9) are, respec-
tively,
fαβγ,µ = Γ
λ
µγΓ
α
βλ + C
α
βγ,µ +K
α
βγ,µ , (14)
fσρ,µ = gσλΓ
λ
µρ + gρλΓ
λ
µσ +
2
3
gσρT
λ
λµ ; (15)
for some functions Cαβγ,µ,K
α
βγ,µ ∈ C∞(J1pi) satisfying that
Cαβγ,µ = Cβµδ
α
γ , K
ν
νγµ = 0 , K
ν
βγν +K
ν
γβν = 0 ; (on ST ) .
Proof. The metric and connection equations are independent and linear. Thus we look for particular and
homogeneous-general solutions for each one.
It is straightforward to check that (15) is a particular solution to the metric equations on ST . Given
two solutions, f1 and f2, their difference hσρ,µ = f1σρ,µ−f2σρ,µ is a solution to the homogeneous equation
∑
ρ≤σ
hρσ,µ
∂Lβγ,µα
∂gρσ
= 0 ; (on ST ) .
Consider the functions iαβγ,λζν which satisfy (12),
0 =
∑
ρ≤σ
hρσ,µ
∂Lβγ,µα
∂gρσ
iαβγ,λζν = hρσ,µ
1
2
(δµν δ
σ
λδ
ρ
ζ + δ
µ
ν δ
σ
ζ δ
ρ
λ) = hλζν .
Therefore, hσρ,µ|ST = 0⇒ f1(p) = f2(p) on ST , and the solution is unique. In a similar way,
fαβγ,µ = Γ
λ
µγΓ
α
βλ ; (on ST )
is a particular solution to the connection equations. The difference between two solutions is a solution to
the homogeneous equation:
hαβγ,µ
∂Lβγ,µα
∂gρσ
= 0 ; (on ST ) . (16)
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This equation is equivalent to:
hλλr,s + h
λ
λs,r − hλrs,λ − hλsr,λ = 0 ; (on ST ) .
Indeed,
1
%n(ρσ)
(2grρgsσ − gρσgrs)hαβγ,µ
∂Lβγ,µα
∂gρσ
= hλλr,s + h
λ
λs,r − hλrs,λ − hλsr,λ ; (on ST ) .
%n(ρσ)
4
(2grρgsσ − gρσgrs)
(
hλλr,s + h
λ
λs,r − hλrs,λ − hλsr,λ
)
= hαβγ,µ
∂Lβγ,µα
∂gρσ
; (on ST ) .
Some solutions of this equation are the functions of the form
hαβγ,µ = Cβµδ
α
γ ; (on ST ) ,
which are called trace solutions. For any solution h, considerKαβγ,µ = h
α
βγ,µ−Cβµδαγ with Cβµ = hλλβµ.
It follows that Kλλγµ = 0. Since the equation is linear, these functions must also be solutions. Therefore:
0 = Kλλr,s +K
λ
λs,r −Kλrs,λ −Kλsr,λ = −Kλrs,λ −Kλsr,λ ; (on ST ) .
These solutions are called torsion solutions. From their definition it is clear that any homogeneous
solution is a sum of a trace and a torsion solution. Furthermore, if Kαβγ,µ = C
α
βγ,µ = Cβµδ
α
γ , then
0 = Kλλγ,µ = Cγµ; on ST . Thus, the only homogeneous solution which is both trace and torsion is
hαβγ,µ = 0.
This proposition shows also that:
Corollary 1. The torsion constraints (11) (or their equivalent expressions (13)) are sufficient conditions
for the existence of solutions to (9).
These constraints could be also obtained in an intrinsic way using the procedure described in [14].
Now we must check the tangency (or consistency) conditions. First, observe that, taking into account
(5), (14), and (15), the general solution to the equation (4) (before imposing the holonomy condition) are
multivector fields of the form
X =
3∧
ν=0
Xν =
3∧
ν=0
 ∂
∂xν
+
∑
σ≤ρ
(
(gσλΓ
λ
νρ + gρλΓ
λ
νσ +
2
3
gσρT
λ
λν)
∂
∂gσρ
+ fσρµ,ν
∂
∂gσρ,µ
)
+(ΓλνγΓ
α
βλ + C
α
βγ,ν +K
α
βγ,ν)
∂
∂Γαβγ
+ fαβγµ,ν
∂
∂Γαβγ,µ
]
; (on ST ) . (17)
Bearing in mind the conditions on the functions Cαβγ,µ,K
α
βγ,µ stated in Proposition 3, the tangency con-
dition on the torsion constraints (13)
L(Xν)
(
Tαβγ −
1
3
δαβT
ν
νγ +
1
3
δαγ T
ν
νβ
)
= 0 ; (on ST ) ,
hold on ST as long as
Kα[βγ],µ = −
1
3
δα[βK
ν
γ]ν,µ − Γλµ[γΓαβ]λ +
1
3
δα[βΓ
λ
µγ]Γ
ν
νλ −
1
3
δα[βΓ
λ
µνΓ
ν
γ]λ ; (on ST ) .
Nevertheless, solutions to equation (4) must be holonomic multivector fields. Thus, first we look for
semiholonomic solutions, then we analyze their tangency and, finally, we study the existence of holo-
nomic solutions.
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3.2.2 Semi-holonomic multivector fields (elements of ker4SH ΩLEP): semiholonomic constraints
If a multivector field is semiholonomic then its local expression is (6); that is,
fρσ,µ = gρσ,µ , f
α
βγ,µ = Γ
α
βγ,µ .
In this case, there are more constraints which arise from the equations (8) and (9) and are the Euler-
Lagrange equations themselves:
∂H
∂gµν
− ∂L
βγ,σ
α
∂gµν
Γαβγ,σ = 0 , (18)
∂H
∂Γαβγ
+
∑
µ≤ν
∂Lβγ,σα
∂gµν
gµν,σ = 0 . (19)
(Geometrically, they are a consequence of the fact that ΩLEp is pi
1-projectable [7, 24, 35, 36, 41, 42]).
In this way, the connection and metric equations become semiholonomic constraints, which are called
connection and metric constrains, respectively.
In particular, notice that the metric constraints (19) arise from the equations (9), which lead to the
torsion constraints (13). Therefore, the metric constraints split into two kinds of conditions: the torsion
constraints (13) themselves and, according to equation (15) (or, equivalently, to (17)),
gρσ,µ = gσλΓ
λ
µρ + gρλΓ
λ
µσ +
2
3
gρσT
λ
λµ , (20)
which are called pre-metricity constraints. They are closely related to the metricity conditions and the
trace of the torsion, as it is proved in the following:
Proposition 4. In the points of the submanifold Sm ↪→ J1pi defined by the metric constraints (19), we
have that:
∇Γ(p)g(p) = 0 ⇐⇒ tr(TΓ(p)) = 0 ; p ∈ Sm .
(Here, the notation∇Γ(p) means the covariant derivative with respect to the connection Γ in the point p,
and TΓ(p) denotes the torsion tensor associated to this connection).
Proof. In the coordinates of J1pi the metricity condition∇Γ(p)g(p) = 0 is(
∇Γ(p)g(p)
)
ρσ,µ
= gρσ,µ − gσλΓλµρ − gρλΓλµσ .
Therefore, the statement follows immediately since the pre-metricity constraints (20) can be written as(
∇Γ(p)g(p)
)
ρσ,µ
=
2
3
gρσT
λ
λµ .
3.2.3 Tangency condition: consistency constraints
Now we check the tangency (or consistency) condition for all the above sets of constraints. A semi-
holonomic multivector field X =
3∧
ν=0
Xν has the local expression (6). The tangency condition on the
connection constraints (18) reads
L(Xν)
(
∂H
∂gρσ
− ∂L
βγ,µ
α
∂gρσ
Γαβγ,µ
)
= Dν
∂H
∂gρσ
−Dν ∂L
βγ,µ
α
∂gρσ
Γαβγ,µ−
∂Lβγ,µα
∂gρσ
fαβγµ,ν = 0 (on ST ) , (21)
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and it does not lead to new constraints because they allow to determine the functions fαβγµ,ν (on ST ) .
The tangency condition on the pre-metricity constraints (20) gives
fσρ,µν = Dλ
(
gσλΓ
λ
µρ + gρλΓ
λ
µσ +
2
3
gσρT
λ
λµ
)
; (on ST ) , (22)
and it does not lead either to new constraints. But the tangency condition on the torsion constraints (13)
does lead to new constraints
L(Xν)
(
Tαβγ −
1
3
δαβT
µ
µγ +
1
3
δαγ T
µ
µβ
)
= Tαβγ,ν −
1
3
δαβT
µ
µγ,ν +
1
3
δαγ T
µ
µβ,ν = 0 ; (on ST ) .
The tangency condition on these new constraints leads to
L(Xλ)
(
Tαβγ,ν −
1
3
δαβT
µ
µγ,ν +
1
3
δαγ T
µ
µβ,ν
)
= fαβγν,τ −
1
3
δαβf
µ
µγν,τ +
1
3
δαγ f
µ
µβν,τ = 0 ; (on Ssh) ,
which are not new constraints, but equations for the functions fαβγµ,ν . Therefore, in the submanifold
Ssh ↪→ ST defined by these constraints there are semiholonomic multivector fields solutions to the field
equations, which are tangent to Ssh.
Summarizing, we have proved that:
Theorem 1. There exists a submanifold jsh : Ssh ↪→ J1pi where there are semi-holonomic multivector
fields which are solutions to the field equations (4) and are tangent to Ssh. This submanifold is locally
defined in J1pi by the constraints
cµν ≡ ∂H
∂gµν
− ∂L
βγ,σ
α
∂gµν
Γαβγ,σ = 0 ,
mρσ,µ ≡ gρσ,µ − gσλΓλµρ − gρλΓλµσ −
2
3
gρσT
λ
λµ = 0 ,
tαβγ ≡ Tαβγ −
1
3
δαβT
µ
µγ +
1
3
δαγ T
µ
µβ = 0 ,
rαβγ,ν ≡ Tαβγ,ν −
1
3
δαβT
µ
µγ,ν +
1
3
δαγ T
µ
µβ,ν = 0 .
These constraints are not independent all of them. For instance, the pre-metricity constraints mρσ,µ
are symmetric in the indices σ, ρ and the constraints tαβγ and r
α
βγ,ν are skewsymmetric in the indices β, γ.
Proposition 5. The general expression of the semi-holonomic multivector fields which are solutions to
the field equations (4) on Ssh are
XL =
3∧
ν=0
 ∂
∂xν
+
∑
ρ≤σ
(
gρσ,ν
∂
∂gρσ
+ fρσµ,ν
∂
∂gρσ,µ
)
+ Γαβγ,ν
∂
∂Γαβγ
+ fαβγµ,ν
∂
∂Γαβγ,µ
 , (23)
where, on the points of Ssh,
fρσµ,ν = Dν
(
gσλΓ
λ
µρ + gρλΓ
λ
µσ +
2
3
gρσT
λ
λµ
)
,
fαβγµ,ν = Γ
λ
µγ,νΓ
α
βλ + Γ
λ
µγΓ
α
βλ,ν + C
α
βγ,µν +K
α
βγ,µν ,
for any Cβµν ∈ C∞(J1pi) and Kαβγ,µν ∈ C∞(J1pi) satisfying that, on Ssh,
Cαβγ,µν = Cβµνδ
α
γ , K
λ
λγ,µν = 0 , K
λ
βγ,λν +K
λ
γβ,λν = 0 ,
Kα[βγ],µν = −
1
3
δα[βK
λ
γ]λ,µν − Γλµ[γ,νΓαβ]λ − Γλµ[γΓαβ]λ,ν
+
1
3
δα[βΓ
λ
µγ],νΓ
ρ
ρλ +
1
3
δα[βΓ
λ
µγ]Γ
ρ
ρλ,ν −
1
3
δα[βΓ
λ
µρ,νΓ
ρ
γ]λ −
1
3
δα[βΓ
λ
µρΓ
ρ
γ]λ,ν .
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Proof. The functions fσρµ,ν are given by (22). Now, from (18) we obtain that(
∂2H
∂gρσ∂gµν
− ∂
2Lβγ,λα
∂gρσ∂gµν
Γαβγ,λ
)
= 0 ; (on Ssh) ,
and therefore (21) becomes(
Γαβγ,ν
∂2H
∂Γαβγ∂gρσ
− ∂L
βγ,µ
α
∂gρσ
fαβγµ,ν
)
= 0 ; (on Ssh) .
A particular solution to these equations is
fαβγµ,ν = Γ
λ
µγ,νΓ
α
βλ + Γ
λ
µγΓ
α
βλ,ν ; (on Ssh) .
Now, we need to find a general solution hαβγµ,ν to the homogeneous equation, which is just (16), but on
Ssh. Thus, proceeding as in the proof of Proposition 3, we obtain that
hαβγ,µν = C
α
βγ,µν +K
α
βγ,µν ; (on Ssh) ,
for Cβµν ∈ C∞(J1pi) and Kαβγ,µν ∈ C∞(J1pi) satisfying that
Cαβγ,µν = Cβµνδ
α
γ , K
λ
λγ,µν = 0 , K
λ
βγ,λν +K
λ
γβ,λν = 0 ; (on Ssh) .
By construction, the solutions obtained in this way satisfy all the tangent conditions on the constraints
given in Theorem 1, except
L(Xν)r
α
βγ,µ = 0 ; (on Ssh) ;
and these equations lead to the last conditions.
Comments:
• It is important to point out that, up to the torsion constraints tαβγ , all the other constraints appear as
a consequence of demanding the semiholonomy condition on the multivector fields solution to the
field equations (4).
• From the constraints mρσ µ = 0 and tαβγ = 0 in Theorem 1, and Proposition 4 we obtain that
Tαβα = 0 ⇐⇒ Tαβγ = 0 ⇐⇒ ∇Γg = 0 .
Thus, any of these conditions are necessary and sufficient to assure that the connection becomes
the Levi-Civita connection. This result completes the already known fact that the vanishing of the
trace torsion is sufficient for the connection to be the Levi-Civita connection (see, for instance,
[5, 11]).
3.2.4 Holonomic multivector fields (elements of ker4H ΩLEP): Integrability constraints
The last step is to look for holonomic (i.e., integrable and semiholonomic) multivector fields. Locally,
a transverse multivector field is integrable if, and only if, [Xµ, Xν ] = 0 for any µ, ν = 0, 1, 2, 3. In
any open of U ⊂ Sf where this condition holds, there exist integrable sections for the multivector field
defined on pi(U). In general, integrable multivector fields could only exist in a submanifold Sf of Ssh.
In this Section we obtain this submanifold, giving the constraints which are sufficient to assure that
there are an holonomic multivector field; because every point of the submanifold can be reached by a
section which is a solution to the field equations. This last result is proven in Proposition 19, using the
equivalence between the Metric-Affine and the Hilbert-Einstein models presented in Section 5.
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Consider the following general expression
[Xµ, Xν ] = F
 ∂
∂x
+
∑
α≤β
(
Fαβ
∂
∂gαβ
+ Fαβ,
∂
∂gαβ,
)
+ Fαβγ
∂
∂Γαβγ
+ Fαβγ,
∂
∂Γαβγ,
= 0 ; (on Ssh) .
Next, we have to take into account (23). First, the coefficients F |Ssh = 0, necessarily (and this is
the reason for imposing the vector field to vanish, which is a stronger condition than being inside the
distribution). From the conditions Fαβ|Ssh = 0, we derive that
fρσµ,ν − fρσν,µ = 0 ; (on Ssh) .
which are new restrictions on the functions Γαβγ,µ, specifically
iρσ,µν = gργΓ
γ
[νλΓ
λ
µ]σ + gσγΓ
γ
[νλΓ
λ
µ]ρ + gρλΓ
λ
[µσ,ν] + gσλΓ
λ
[µρ,ν] +
2
3
gρσT
λ
λ[µ,ν]
= gρλK
λ
[νσµ] + gσλK
λ
[νρµ] + 2gρσT
λ
µνΓ
γ
γλ = 0 ; (on Ssh), (24)
where the functions Kαβγµ arise from proposition 3. (Observe that these constraints are symmetric in the
indices ρ, σ and skewsymmetric in the indices µ, ν). In a similar way, from the conditions Fαβγ |Ssh = 0,
we obtain that
fαβγµ,ν − fαβγν,µ = 0 ; (on Ssh) ,
which impose some restrictions on the possible solutions, namely:
Cβ[µν] = Γ
λ
[µβ,ν]Γ
σ
σλ + Γ
λ
[µβΓ
σ
σλ,ν] ; (on Ssh) ,
Kαβγ,[µν] = −Γλ[µγ,ν]Γαβλ − Γλ[µγΓαβλ,ν] − Cβ[µν]δαγ ; (on Ssh) .
The coefficients Fαβ,γ vanish automatically on Ssh as long as (fαβγµ,ν − fαβγν,µ)|Ssh = 0. Finally, the
conditions Fαβγ, = 0 lead to a system of PDE on the functions Cβµν ,K
α
βγ,µν which may originate new
constraints. The tangency conditions on the constraints iρσ,µν give
gαλK
λ
[νβµ],ξ + gβλK
λ
[ναµ],ξ = −2gαβ,ξT λµνΓσσλ − 2gαβT λµν,ξΓσσλ − 2gαβT λµνΓσσλ,ξ
−gαλ,ξKλ[νβµ] − gβλ,ξKλ[ναµ] ; (on Ssh) .
In what follows, we will denote jf : Sf ↪→ J1pi the constraint submanifold defined by all the con-
straints cµν , mσρ,µ, tαβγ , r
α
βγ,ν and iρσ,µν . This is the submanifold where there exist holonomic multivec-
tor fields solution to the field equations which are tangent to Sf , as it is shown in Proposition 19. Notice
that Sf is a subbundle of J1pi over E and M and, thus, we have the natural submersions
pi1f = pi
1 ◦ jf : Sf → E , pi1f = pi1 ◦ jf : Sf →M .
3.3 Symmetries and gauge symmetries
(See the Appendix A for reviewing the basic definitions and considerations about symmetries and gauge
symmetries for singular Lagrangian field theories).
3.3.1 Gauge symmetries of the Einstein-Palatini model
Proposition 6. The natural gauge vector fields for the Einstein-Palatini model are the vector fields
X ∈ X(J1pi) whose local expressions are
X = Cβδ
α
γ
∂
∂Γαβγ
+DµCβδ
α
γ
∂
∂Γαβγ,µ
, Cβ ∈ C∞(J1pi) ; (on Sf ) .
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Proof. Consider a vector field
X = fµ
∂
∂xµ
+
∑
ρ≤σ
(
fρσ
∂
∂gρσ
+ fρσ,µ
∂
∂gρσ,µ
)
+ fαβγ
∂
∂Γαβγ
+ fαβγ,µ
∂
∂Γαβγ,µ
∈ X(J1pi) .
As Sf is a bundle over M , clearly X is pi1f -vertical if, and only if, it is pi1-vertical. Therefore pi1∗X = 0
if, and only if, fµ = 0. Furthermore
i(X)ΩLEP =
∑
ρ≤σ
∂H
∂gρσ
fρσ +
∂H
∂Γαβγ
fαβγ
d4x−∑
ρ≤σ
∂Lβγ,µα
∂gρσ
fρσdΓ
α
βγ ∧ d3xµ
−
∑
ρ≤σ
∂Lβγ,µα
∂gρσ
fαβγdgρσ ∧ d3xµ = 0 .
After doing the pullback j∗f i(X)ΩLEP , we obtain the terms
j∗fdΓ
α
βγ =
1
2
dΓα(βγ) +
1
6
δαβdT
r
rγ −
1
6
δαγ dT
r
rβ .
As every coefficient must vanish, taking in particular the corresponding to the factor dΓα(βγ), we obtain
that fρσ|Sf = 0. Indeed:
0 = δαβ (
1
3
gµνgγλ − 1
6
gµγgνλ)
∑
ρ≤σ
fρσ
∂L
(βγ),µ
α
∂gρσ
=
∑
ν≤λ
(fνλ + fλν)⇒ fρσ = 0 ; (on Sf ) .
Using these results, the problem is reduced to find fαβγ ∈ C∞(J1pi) such that
fαβγ
∂Lβγ,µα
∂gρσ
= 0 ; (on Sf ) , (25)
fαβγ
∂H
∂Γαβγ
= 0 ; (on Sf ) . (26)
Multiplying (25) by gµρgνσ we obtain:
fαβγ + f
α
γβ = f
r
rβδ
α
γ + f
r
rβδ
α
γ + (f
α
rsg
rs − f rrsgαs)gβγ ; (on Sf ) .
This system has two kinds of solutions. First, there are the trace solutions, given by fαβγ = C
α
βγ = Cβδ
α
γ ,
for any arbitrary function Cβ ∈ C∞(J1pi) [11]. Second, for other solutions fαβγ , we have that Kαβγ =
fαβγ −Cαβγ , with Cγ = fννγ . Contracting indices α, β we obtain Kααγ = 0. Since (25) are linear, Kαβγ are
also solutions, therefore
Kαβγ +K
α
γβ = K
α
ρσg
ρσgβγ ⇒ Kαβγ +Kαγβ =
1
2
(Kαρσ +K
α
σρ)g
ρσgβγ ⇒
gβγ(Kαβγ +K
α
γβ) = 2(K
α
ρσ +K
α
σρ)g
ρσ ⇒ −gβγ(Kαβγ +Kαγβ) = 0 ; (on Sf ) ,
which implies Kαρσg
ρσ = 0, thus Kαβγ +K
α
γβ = 0. These are called the torsion solutions. Both kinds of
solutions fulfil (26); in fact,
Cβδ
α
γ
∂H
∂Γαβγ
= %Cβ
(
gµβΓrrµ + g
µrΓβµr − grβΓµµr − gµνΓβµν
)
= 0 ; (on Sf ) ;
Kαβγ
∂H
∂Γαβγ
= %
(
Kαβγ(g
µγΓβαµ + g
µβΓγµα)−KαβγgγβΓµµα −KλλγgµνΓγµν
)
= %Kαβγg
µγT βαµ = %K
α
βγg
µγ(
1
3
δβαT
r
[rµ] −
1
3
δβµT
r
[rα]) = 0 ; (on Sf ) .
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Now we impose the tangency condition on the torsion constraints
0 = L(X)t
α
βγ = f
α
[βγ] −
1
3
δαβf
r
[rγ] +
1
3
δαγ f
r
[rβ] = 2K
α
βγ = 0 ; (on Sf ) .
The trace solutions are tangent, but the torsion are not. Before checking the other constraints, let us
impose the condition of being natural. The local conditions for a pi1-vertical vector field to be natural are
that fρσ, fαβγ are pi
1-projectable, that fρσ,µ = Dµfρσ, and that fαβγ,σ = Dσf
α
βγ . In our case, these condi-
tions imply that Cβ ∈ C∞(J1pi) are pi1-projectable, that fαβγ,µ|Sf = δαγDµCβ , and that fρσ,µ|Sf = 0.
The tangency condition on the pre-metricity constraints is
0 = L(X)mρσ,µ = L(X)
(
gρσ,µ − gσλΓλµρ − gρλΓλµσ −
2
3
gρσT
λ
λµ
)
= fρσ,µ − gσλδλρCµ − gρλδλσCµ −
2
3
gρσ(Cλδ
λ
µ − Cµδλλ) = 0 ; (on Sf ) .
As fαβγ |Sf = Cβδαγ , then
∂Lβγ,σα
∂gµν
fαβγ,σ = 0 (see Proposition 3), and hence
L(X)c
µν =
∂%gαβ
∂gµν
(
CβΓ
σ
σα + Γ
γ
βαCγ − CβΓσσα − ΓγβαCγ
)
− ∂L
βγ,σ
α
∂gµν
fαβγ,σ = 0 ; (on Sf ) .
The tangency condition on rαβγ,ν involves only the functions f
α
βγ,ν :
0 = L(X)r
α
βγ,ν = f
α
[βγ],ν −
1
3
δαβf
r
[rγ],ν +
1
3
δαγ f
r
[rβ],ν ; (on Sf ) .
The trace solutions fulfil this condition automatically. Finally, the tangency condition for the integrability
constraints (24) holds:
L(X)iρσ,µν = gργC[νΓ
λ
µ]σ + gργΓ
λ
[νσCµ] + gσγC[νΓ
λ
µ]ρ + gσγΓ
λ
[νρCµ]
+ gρσC[µν] + gρσC[µν] − 2gρσC[µν] = 0 ; (on Sf ) .
3.3.2 Lagrangian symmetries of the Einstein-Palatini model
Let F be a diffeomorphism in M . For every x ∈M , if gx is a metric in TxM , then F∗gx = (F−1)∗(gx)
is also a metric with the same signature as gx. In the same way, as a connection Γx is a (1, 1)-tensor in
TxM [19], denoting also by F∗ the induced action of F on the tensor algebra, we define:
Definition 5. Let F : M → M be a diffeomorphism. The canonical lift of F to the bundle E is the
diffeomorphism F : E → E defined as follows: for every (x, gx,Γx) ∈ E, then F(x, gx,Γx) :=
(F (x), F∗gx, F∗Γx) (Thus pi ◦ F = F ◦ pi).
Let Z ∈ X(M). The canonical lift of Z to the bundle E is the vector field YZ ∈ X(E) whose
associated local one-parameter groups of diffeomorphisms Ft are the canonical lifts to the bundle E of
the local one-parameter groups of diffeomorphisms Ft of Z.
In coordinates, if Z = fµ(x)
∂
∂xµ
∈ X(M), the canonical lift of Z to the bundle E →M is
YZ = f
µ ∂
∂xµ
−
∑
α≤β
(
∂fλ
∂xα
gλβ +
∂fλ
∂xβ
gλα
)
∂
∂gαβ
+
(
∂fα
∂xλ
Γλβγ −
∂fλ
∂xβ
Γαλγ −
∂fλ
∂xγ
Γαβλ −
∂2fα
∂xβ∂xγ
)
∂
∂Γαβγ
∈ X(E) .
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Furthermore, every diffeomorphism in E induces a diffeomorphism in J1pi. The vector fields generating
these transformations are canonical liftings X = j1Y , for Y ∈ X(E). Hence, for the above ones we
have
j1YZ = f
µ ∂
∂xµ
−
∑
α≤β
(
∂fλ
∂xα
gλβ +
∂fλ
∂xβ
gλα
)
∂
∂gαβ
−
∑
α≤β
(
∂2fν
∂xα∂xµ
gνβ +
∂2fν
∂xβ∂xµ
gαν +
∂fν
∂xα
gνβ,µ +
∂fν
∂xβ
gαν,µ +
∂fν
∂xµ
gαβ,ν
)
∂
∂gαβ,µ
+
(
∂fα
∂xλ
Γλβγ −
∂fλ
∂xβ
Γαλγ −
∂fλ
∂xγ
Γαβλ −
∂2fα
∂xβ∂xγ
)
∂
∂Γαβγ
+
(
∂fα
∂xλ
Γλβγ,µ −
∂fλ
∂xβ
Γαλγ,µ −
∂fλ
∂xγ
Γαβλ,µ −
∂fλ
∂xµ
Γαβγ,λ
+
∂2fα
∂xλ∂xµ
Γλβγ −
∂2fλ
∂xβ∂xµ
Γαλγ −
∂2fλ
∂xγ∂xµ
Γαβλ −
∂3fα
∂xβ∂xγ∂xµ
)
∂
∂Γαβγ,µ
≡ fµ ∂
∂xµ
+
∑
α≤β
Yαβ
∂
∂gαβ
+
∑
α≤β
Yαβµ
∂
∂gαβ,µ
+ Y αβγ
∂
∂Γαβγ
+ Y αβγµ
∂
∂Γαβγ,µ
∈ X(J1pi) .
We have that LEP is invariant under diffeomorphisms (using the constraints cµν). Then, for every
Z ∈ X(M), we have that L(j1YZ)LEP|Sf = 0. In addition, j1YZ are tangent to Sf . In fact, as they
are natural vector fields that leave the Einstein-Palatini Lagrangian invariant, then the corresponding
Euler-Lagrange equations are also invariant, and hence for the constraints cµν we have that
L(j
1YZ)c
µν = −
(
∂fµ
∂xρ
δνσ +
∂fν
∂xσ
δµρ
)(
∂H
∂gρσ
− ∂L
βγ,λ
α
∂gρσ
Γαβγ,λ
)
= 0 ; (on Sf ) ;
while for the other constraints, after a long calculation, we obtain
L(j
1YZ)mρσ,µ =
(
−∂f
α
∂xρ
δβσδ
ν
µ −
∂fβ
∂xσ
δαρ δ
ν
µ −
∂fν
∂xµ
δαρ δ
β
σ
)
mαβ,ν = 0; (on Sf ) ,
L(j
1YZ)t
α
βγ =
(
∂fα
∂xλ
δρβδ
σ
γ −
∂fρ
∂xβ
δαλδ
σ
γ −
∂fσ
∂xγ
δαλδ
ρ
β
)
tλρσ = 0; (on Sf ) ,
L(j
1YZ)r
α
βγ,ν =
(
∂fα
∂xλ
δρβδ
σ
γ δ
τ
ν −
∂fρ
∂xβ
δαλδ
σ
γ δ
τ
ν −
∂fσ
∂xγ
δαλδ
ρ
βδ
τ
ν −
∂f τ
∂xν
δαλδ
ρ
βδ
σ
γ
)
rλρσ,τ = 0; (on Sf ) ,
L(j
1YZ)iρσ,µν =
(
−∂f
α
∂xρ
δβσδ
λ
µδ
γ
ν −
∂fβ
∂xσ
δαρ δ
λ
µδ
γ
ν −
∂fλ
∂xµ
δαρ δ
β
σδ
γ
ν −
∂fγ
∂xν
δαρ δ
β
σδ
λ
µ
)
iαβ,λγ = 0; (on Sf ) .
Thus, these vector fields are natural infinitesimal Lagrangian symmetries and, hence, natural infinites-
imal Noether symmetries. Then an associated conserved quantity to each j1YZ is ξYZ = i(j
1YZ)ΘLEP
(see the Appendix A), which has the local expression:
ξYZ = i(j
1Y )ΘLEP = (L
βγ,µ
α Y
α
βγ −Hfµ)d3xµ + fµLβγ,να dΓαβγ ∧ d2xµν .
Finally, given a section ψL solution the field equations, the Noether current associated with j1YZ is
ψ∗LξYZ = ψ
∗
L(L
βγ,µ
α (Y
α
βγ − Γαβγ,λfλ)− fµLEP)d3xµ .
Comment: The term “gauge” is also used in physics to refer the invariance of the equations with respect
to changes of variables in the base manifold M . Nevertheless, in our geometric formalism, these are
really the natural symmetries that we have studied in this Section, and they are mathematically different
from the geometric gauge symmetries that we have analysed in the previous Section.
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4 The Metric-Affine model: Hamiltonian formalism
4.1 Canonical Hamiltonian formalism
(See, for instance, [6, 12, 17, 40] for the general setting of the multisymplectic Hamiltonian formalism
for first-order field theories).
First, let Mpi ≡ Λm2 T∗E, be the bundle of m-forms on E vanishing by the action of two pi-
vertical vector fields, which is called the extended multimomentum bundle, and has local coordinates
(xµ, gαβ,Γ
ν
λγ , p
αβ,µ, pλγ,µν , p), (0 ≤ α ≤ β ≤ 3). Consider the quotient bundle J1pi∗ =Mpi/Λ41(T∗E)
(where Λ41(T
∗E) is the bundle of pi-semibasic 4-forms in E), which is the restricted multimomentum
bundle of E, and is endowed with the natural projections
τ : J1pi∗ → E , τ = pi ◦ τ : J1pi∗ →M , µ : Mpi → J1pi∗.
Induced local coordinates in J1pi∗ are (xµ, gαβ,Γνλγ , p
αβ,µ, pλγ,µν ), (0 ≤ α ≤ β ≤ 3).
The Legendre map FLEP : J1pi −→ J1pi∗ (see [18] for the definition) is given, for the Einstein-
Palatini Lagrangian, by
FL ∗EP xµ = xµ , FL ∗EP gαβ = gαβ , FL ∗EP Γαβγ = Γαβγ
FL ∗EP pαβ,µ =
∂LEP
∂gαβ,µ
= 0 , FL ∗EP pβγ,µα =
∂LEP
∂Γαβγ,µ
= Lβγ,µα = %(δ
µ
αg
βγ − δβαgµγ) , (27)
and pαβ,µ and pβγ,µα are called the momentum coordinates of the metric and the connection, respectively.
We have that, for every j1xφ ∈ J1pi,
Tj1xφFLEP =

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 0 0
0
∂2LEP
∂gνλ∂Γ
α
βγ,µ
0 0 0
 .
Locally we have that
ker (FLEP)∗ =
〈
∂
∂gαβ,µ
,
∂
∂Γνλγ,µ
〉
0≤α≤β≤3
. (28)
Proposition 7. P ≡ FLEP(J1pi) is a closed submanifold of J1pi∗, which is diffeomorphic to E.
Proof. From (28) we have that P is locally defined by the constraints
pαβ,µ = 0 , pβγ,µα = %(δ
µ
αg
βγ − δβαgµγ) , (29)
which remove the degrees of freedom in the fibers of the projection τ .
If  : P↪→J1pi∗ is the natural embedding, we denote by
τP = τ ◦  : P → E , τP = τ ◦  : P →M
the restrictions to P of the natural projections τ and τ . Then, this Proposition states that τP is a diffeo-
morphism.
Proposition 8. LEP is an almost-regular Lagrangian density.
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Proof. We prove the three conditions that define this concept: First, as we have seen, P is a closed
submanifold of J1pi∗. Second, as dim P = rank(Tj1xφFLEP) = 78, for every j1xφ ∈ J1pi, thenFLEP is a submersion onto its image. Finally, taking into account Proposition 7, we conclude that the
fibers of the Legendre map, (FLEP)−1(FL(j1xφ)), are just the fibers of the projection pi1, and they are
connected submanifolds of J1pi (recall that J1pi is connected because we are considering metrics with
fixed signature).
As a consequence of this Proposition, the existence of the Hamiltonian formalism for this system is
assured. In fact; consider the so-called extended Legendre map [6, 40], F˜LEP : J1pi −→Mpi, which is
locally given by
F˜L ∗EP p = LEP − gαβ,µ
∂LEP
∂gαβ,µ
− Γαβγ,µ
∂LEP
∂Γαβγ,µ
= LEP − Γαβγ,µLβγ,µα = −H = %gαβ
(
ΓγβαΓ
σ
σγ − ΓγβσΓσγα
)
, (30)
and the same expressions as in (27) for the other coordinates. Let P˜ := F˜LEP(J1pi) and ˜ : P˜ ↪→Mpi
the natural imbedding, and denote by F˜LoEP and FLoEP the restrictions of F˜LEP and FLEP to their
images; that is, the maps defined by F˜LEP = ˜ ◦ F˜L
o
EP and FLEP =  ◦ FLoEP, respectively. It can
be proved [12] that the µ-transverse submanifold P˜ is diffeomorphic to P (observe that (30) is really
a constraint in Mpi). This diffeomorphism is denoted µ˜ : P˜ → P , and it is just the restriction of the
projection µ to P˜ . Then, taking HP := µ˜−1, we have the diagram
J1pi
F˜LoEP
FLoEP


*
- P
P˜
6
?
HP µ˜
-
-

˜
J1pi∗
Mpi
?
µ
and ˜◦HP is called a Hamiltonian section. AsMpi is a subbundle of ΛmT∗E, it is endowed with a canon-
ical form Θ ∈ Ω4(Mpi) (the “tautological form”), and a canonical multisymplectic form Ω := −dΘ ∈
Ω5(Mpi), which are known as the multimomentum Liouville forms. Then we define the Hamilton–
Cartan forms
ΘH = (˜ ◦HP)∗Θ ∈ Ω4(P) , ΩH = −dΘH = (˜ ◦HP)∗Ω ∈ Ω5(P).
In general, Ω0h is a pre-multisymplectic form. The Poincare´-Cartan forms are FLoEP-projectable and, in
particular, ΘLEP = FLoEP∗ΘH and ΩLEP = FLoEP∗ΩH ,
In this way we have constructed the Hamiltonian system (P,ΩH), which is associated with the
almost-regular Lagrangian system . Then, the variational problem associated with this system [23, 40]
consists in finding sections ψH : M → P which are solutions to the equation
ψ∗Hi(X)ΩH = 0 , for every X ∈ X(P) .
or, what is equivalent, which are integral sections of a multivector field contained in a class of τP -
transverse integrable multivector fields {XH} ⊂ X4(P) such that
i (XH)ΩH = 0 , ∀XH ∈ {XH} ⊂ X4(P) . (31)
In order to do a local analysis of the Hamiltonian formalism for this system, we can use two kinds of
coordinates on P: the so-called non-momenta and pure connection coordinates.
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4.2 Non-momenta coordinates
Bearing in mind Proposition 7, we can take (xλ, gρσ,Γαβγ) as local coordinates inP , with 0 ≤ ρ ≤ σ ≤ 3.
These are the non-momenta coordinates of P . Using them, the local expression of ΩH is the same as
that of ΩLEP (see (3)). As a consequence, the Hamiltonian analysis of the system is similar to that in the
Lagrangian formalism (up to the analysis of the holonomy).
Note that the functions Lβγ,µα and H introduced in (1) and (2) are also FLoEP-projectable and, hence,
we commit an abuse of notation denoting the corresponding functions of C∞(P) with the same simbols.
Then, for a τP -transverse multivector fieldX ∈ X4(P), whose local expression in these coordinates is
X =
3∧
ν=0
Xν =
3∧
ν=0
 ∂
∂xν
+
∑
ρ≤σ
fρσ,ν
∂
∂gρσ
+ fαβγ,ν
∂
∂Γαβγ
 ,
the local expression of equation (31) is
∂H
∂gρσ
− fαβγ,µ
∂Lβγ,µα
∂gρσ
= 0, (32)
∂H
∂Γαβγ
+
∑
ρ≤σ
fρσ,µ
∂Lβγ,µα
∂gρσ
= 0, (33)
together with other equalities which are consequence of these two sets of equations. This system of
equations is the same as (8) and (9) and, therefore, the analysis made in Section 3.2.1 is valid here.
Proposition 9 (Constraints). A necessary condition for the existence of solutions to the system of equa-
tions (32) and (33) (and, in particular, (32)) is that the following equalities hold
Tαβγ =
1
3
δαβT
ν
νγ −
1
3
δαγ T
ν
νβ .
These constraints define the submanifold f : Pf ↪→ P .
Proof. The proof is the same than for Propositions 11 and 2. They are also the projections of the torsion
constraints by the Legendre map.
Finally, the tangency conditions ofX for these constraints on Pf are
L(Xν)(T
α
βγ −
1
3
δαβT
ν
νγ +
1
3
δαγ T
ν
νβ) = (f
α
βγ,ν −
1
3
δαβf
ν
νγ,ν +
1
3
δαγ f
ν
νβ,ν) = 0 ; (on Pf ) ,
which does not lead to new constraints. Notice that these results about the Hamiltonian constraints are
coherent with the comment in Section 3.2 about the fact that, up to the torsion constraints tαβγ , all the
other Lagrangian constraints appear as a consequence of demanding the semiholonomy condition for the
solutions to the Lagrangian field equations and, hence, they cannot be projectable functions under the
Legendre map [13]. In fact, a simple computation shows that
L(X)c
µν 6= 0 , L(X)mσρ,µ 6= 0 , L(X)rαβγ,ν 6= 0 ; for some X ∈ ker(FLoEP)∗ = ker(FLEP)∗ ,
which are the necessary and sufficient conditions for these functions not to be FLoEP-projectable. In the
same way, the integrability Lagrangian constraints are not FLoEP-projectable either.
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Proposition 10 (Solutions). The solutions to the Hamiltonian field equations (32) and (33) are
XH =
3∧
ν=0
Xν =
3∧
ν=0
(
∂
∂xν
+ (ΓλνγΓ
α
βλ + Cβ,νδ
α
γ +K
α
βγ,ν)
∂
∂Γαβγ
+
∑
ρ≤σ
(gσλΓ
λ
µρ + gρλΓ
λ
µσ +
2
3
gρσT
λ
λµ)
∂
∂gρσ
 ; (on Pf ) ; (34)
with Cβ,ν , Kαβγ,ν ∈ C∞(Pf ) such that, on the points of Pf , they satisfy
Kµµγ,ν = 0 , K
µ
βγ,µ +K
µ
γβ,µ = 0 , (35)
Kα[βγ],µ = −
1
3
δα[βK
ν
γ]ν,µ − Γλµ[γΓαβ]λ +
1
3
δα[βΓ
λ
µγ]Γ
ν
νλ −
1
3
δα[βΓ
λ
µνΓ
ν
γ]λ . (36)
Proof. From Proposition 3 and (11), we obtain (34) and (35), and the tangency conditions on the torsion
constraints lead to obtain (36).
Finally, the integrability condition is [Xµ, Xν ]|Pf = 0. The vanishing of the coefficients of
∂
∂gσρ
do
not lead to new constraints, but they do impose new restrictions for the possible solutions:
gαλK
λ
[νβµ] + gβλK
λ
[ναµ] + 2gαβT
λ
µνΓ
σ
σλ = 0 ; (on Pf ) .
The vanishing of the coefficients of
∂
∂Γαβγ
lead to a system of first order PDE on the functions Cαβγµ and
Kαβγµ. This system of PDE has solutions everywhere on Pf , as it is shown in Proposition 19.
The following diagram summarizes this situation:
J1pi∗
J1pi
FLEP
33
FLoEP //
pi1
''
pi1
11
P
τP
ww
?

OO
τP
mm
E
pi

Sf
?
jf
OO
pi1f
77
pi1f
''
Pf
?
f
OO
τf
gg
τf
ww
M
(37)
The study of the gauge vector fields in the Hamiltonian formalism is simpler than in the Lagrangian
one. In fact:
Proposition 11 (Gauge symmetries). The gauge vector fields of the system are
X = Cβδ
α
γ
∂
∂Γαβγ
, Cβ ∈ C∞(P) ; (on Pf ) .
Proof. A τ -vertical vector field has the local expression:
X =
∑
ρ≤σ
fρσ
∂
∂gρσ
+ fαβγ
∂
∂Γαβγ
.
J. Gaset and N. Roma´n-Roy, Multisymplectic approach to the Einstein-Palatini action. 22
The analysis of the equation i(X)ΩH = 0 is analogous as in Proposition 6. We find that fρσ = 0 and
fαβγ = Cβδ
α
γ +K
α
βγ , on the points of Pf ; that is, they are a combination of a trace and a torsion solution;
but the torsion solutions are not tangent to Pf .
The multiple solutions of the system are given by the functions Cαβγ,ν and K
α
βγ,ν (see (34)). The
functions Cαβγ,ν are related with the gauge freedom, but the former ones K
α
βγ,ν are not.
4.3 Pure-connection coordinates
The non-momenta coordinates arise in a natural way from the structure of the manifolds, but their use
turn out to be very similar to the analysis made in the Lagrangian formalism, thus providing little extra
understanding about the theory. A more interesting coordinates can be obtained from the second set of
constraints in (29)
pβγ,µα = %
(
δµαg
βγ − δβαgµγ
)
; (38)
that is, the momenta of the connection can be obtained from the metric. The converse is also true; in fact:
Lemma 1. Denoting T :=
√
| det(pµα,βµ )|, we have that
gαβ = − 1
3%
pµα,βµ = −
3
T p
µα,β
µ .
Proof. Contracting the indices α and β on (38) we obtain
pνγ,µν = −3%gγµ ,
which is the first equality. Now, computing the determinant, as % =
√|det(gγµ)|, we obtain that the
second equality holds:
|det(pνγ,µν )| = 34%4| det(gγµ)|−1 ⇐⇒ T = 9% ,
It is interesting to point out that all the results can be extended to an arbitrary dimension m > 2; but
T is proportional to % only for m = 4.
Since the degrees of freedom of gαβ and p
βγ,µ
α are not equal, equation (38) has several implicit
restrictions. In fact, using Lemma 1 to substitute the metric for momenta in (38) we obtain the constraints
pβγ,µα =
1
3
δβαp
νµ,γ
ν −
1
3
δµαp
νβ,γ
ν ,
which are very similar to the torsion constraints. Moreover, as gαβ = gβα, from Lemma 1 we have
that pµα,βµ = p
µβ,α
µ . Therefore, the only degrees of freedom for the momenta of the connection are the
symmetric part of pµβ,αµ , which equals the degrees of freedom of the metric.
Denoting pαβ := prα,βr , we can consider the set of coordinates (xµ,Γαβγ , p
ρσ) in P , with 0 ≤ ρ ≤
σ ≤ 3, which are called pure-connection coordinates. The relation between these coordinates and the
non-momenta ones is given by the following map
Ψ(xλ, gρσ,Γ
α
βγ) = (x
µ,Γαβγ , p
ρσ = −3%gρσ) ,
which is invertible, and hence a local diffeomorphism, by Lemma 1.
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In pure-connection coordinates the Hamiltonian function has the local expression
H = −1
3
pαβ
(
ΓγβσΓ
σ
γα − ΓγβαΓσσγ
)
,
and the Hamilton-Cartan form ΩH is
ΩH = dH ∧ d4x+ 1
6
δµαdp
βγ ∧ dΓα(βγ) ∧ d3xµ
−1
6
δβαdp
µγ ∧ dΓαβµ ∧ d3xγ −
1
6
δβαdp
µγ ∧ dΓαβγ ∧ d3xµ .
A general transverse locally decomposable multivector field in P has the local expression in pure-
connection coordinates:
XH =
3∧
ν=0
Xν =
3∧
ν=0
 ∂
∂xν
+ fαβγ,ν
∂
∂Γαβγ
+
∑
α≤β
Gαβν
∂
∂pαβ
 .
Then the field equations (31) are locally
1
n(αβ)
∂H
∂pαβ
+
1
6
fµ(αβ),µ −
1
6
fµµ(α,β) = 0 , (39)
∂H
∂Γαβγ
− 1
3
Gβγα +
1
3
δβαG
µγ
µ = 0 . (40)
Next the results previously described in the above Section 4.2 are recovered and extended:
The constraints and gauge variations are related to the connection, where both the non-momenta and
pure-connection coordinates have the same expression. Therefore:
Proposition 12 (Constraints). A necessary condition for the existence of solutions to the system of equa-
tions (39) and (40) (and, in particular, (40)) is that the following equalities hold
Tαβγ =
1
3
δαβT
ν
νγ −
1
3
δαγ T
ν
νβ .
These constraints define the submanifold f : Pf ↪→ P .
Proof. They are the projections of the torsion constraints by the Legendre map. Alternatively, they can
be deduced from (40) imposing that Gβγα −Gγβα = 0.
Taking into account the results presented in the above Section 4.2, we have:
Proposition 13 (Solutions). The solutions to the Hamiltonian field equation (31) in the pure-connection
coordinates are:
XH =
3∧
ν=0
Xν =
3∧
ν=0
(
∂
∂xν
+ (ΓλνγΓ
α
βλ + Cβ,νδ
α
γ +K
α
βγ,ν)
∂
∂Γαβγ
+
∑
α≤β
(−pαµΓβνµ − pβµΓανµ − 13pαβTµµν + pαβΓµµν)
∂
∂pαβ
 ; (on Pf ) ;
with Cβ,ν , Kαβγ,ν ∈ C∞(Pf ) such that, on the points of Pf , they satisfy
Kµµγ,ν = 0 , K
µ
βγ,µ +K
µ
γβ,µ = 0 ,
Kα[βγ],µ = −
1
3
δα[βK
ν
γ]ν,µ − Γλµ[γΓαβ]λ +
1
3
δα[βΓ
λ
µγ]Γ
ν
νλ −
1
3
δα[βΓ
λ
µνΓ
ν
γ]λ .
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The integrability condition is
0 = [Xν , Xµ] = F
 ∂
∂x
+ Fαβγ
∂
∂Γαβγ
+
∑
α≤β
Fαβ
∂
∂pαβ
; (on Pf ) .
We have that F |Pf = 0, and imposing Fαβ|Pf = 0, we derive the following condition on the possible
solutions
pασKβ[µσν] + p
βσKα[µσν] −
1
3
pαβKσ[µσν] =
2
3
pαβT λνµΓ
σ
σλ ; (on Pf ) .
The conditions Fαβγ |Pf = 0 lead to a system of PDE on the functionsCα,β andKαβγ,µ which has solutions
everywhere on Pf , as it is shown in Proposition 19.
Proposition 14 (Gauge symmetries). The gauge variations of the system are:
X = Cβδ
α
γ
∂
∂Γαβγ
, Cβ ∈ C∞(Pf ) ; (on Pf ) .
Proof. For a generic vertical vector field
X = fαβγ
∂
∂Γαβγ
+
∑
α≤β
Gαβ
∂
∂pαβ
,
we have that
i(X)ΩH =
∑
α≤β
∂H
∂pαβ
Gαβ +
∂H
∂Γαβγ
fαβγ
d4x− (1
3
δµαG
βγ − 1
3
δβαG
µγ
)
dΓαβγ ∧ d3xµ
+
(
1
6
fµαβ +
1
6
fµβα −
1
6
δµβf
ν
να −
1
6
δµαf
ν
νβ
)
dgρσ ∧ d3xµ = 0 .
Doing the pullback to Pf , we have that j∗dΓαβγ = 12dΓα(βγ) + 16δαβdT rrγ − 16δαγ dT rrβ . As every coefficient
must vanish, taking in particular the corresponding to the factor dΓα(βγ) and contracting with δ
α
µ , we
obtain that Gβγ = 0. Therefore we have
∂H
∂Γαβγ
fαβγ = 0 ; (on Pf ) ,
−1
6
fµαβ +
1
6
fµβα +
1
6
δµβf
ν
να +
1
6
δµαf
ν
νβ = 0 ; (on Pf ) .
Following the same argument as in Proposition 6, these equations have two kinds of solutions on Pf :
trace solutions, fαβγ = Cβδ
α
γ , and torsion solutions, f
α
βγ = k
α
βγ ; with k
α
βγ + k
α
γβ = 0 and k
µ
µγ = 0.
Likewise, only the trace solutions are tangent to Pf .
4.4 Intrinsic interpretation of the pure-connection coordinates
Now we present a fibered manifold and a Hamiltonian function which involve only the connection and
we prove that this system is equivalent to the Hamiltonian formalism for the Metric-Affine action.
The configuration bundle for this pure-connection system is the bundle piΓ : EΓ → M , where
M is the connected orientable 4-dimensional manifold representing space-time, as above, and EΓ =
C(LM), the bundle of connections on M ; that is, linear connections in TM . Then, consider the bun-
dlesMpiΓ ≡ Λ42(T∗EΓ) and J1pi∗Γ ≡ MpiΓ/Λ41(T∗EΓ), with local coordinates (xµ,Γαβγ , p, pβγ,µα ) and
(xµ,Γαβγ , p
βγ,µ
α ) respectively.
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Consider a Hamiltonian section hΓ : J1pi∗Γ →MpiΓ of the projection µΓ : MpiΓ → J1pi∗Γ. In a local
chart of natural coordinates, U ⊂ J1pi∗Γ, this Hamiltonian section is specified by a local Hamiltonian
function HΓ ∈ C∞(U) such that hΓ(xµ,Γαβγ , pβγ,µα ) = (xµ,Γαβγ , p = −HΓ(xν ,Γδρσ, pρσ,νδ ), pβγ,µα ) (see
[6, 40]). This Hamiltonian function is
HΓ = −1
3
pαβ
(
ΓγβσΓ
σ
γα − ΓγβαΓσσγ
)
.
The bundleMpiΓ is canonically endowed with the corresponding multisymplectic Liouville 5-form ΩΓ ∈
Ω5(MpiΓ). Then, the Hamilton-Cartan form is
ΩHΓ ≡ h∗ΓΩΓ = dH ∧ d4x− dpβγ,µα ∧ dΓαβγ ∧ d3xµ ∈ Ω5(J1pi∗Γ).
Furthermore, we introduce the following constraints on J1pi∗Γ:
pβγ,µα =
1
3
δβαp
νµ,γ
ν −
1
3
δµαp
νβ,γ
ν , p
µα,β
µ = p
µβ,α
µ .
Let Γ : PΓ ↪→ J1pi∗Γ be the submanifold locally defined by these constraints. Then we can construct the
premultisymplectic form
Ω0HΓ = 
∗
ΓΩHΓ = dH ∧ d4x+
1
6
δµαdp
νβ,γ
ν ∧ dΓα(βγ) ∧ d3xµ
−1
6
δβαdp
νµ,γ
ν ∧ dΓαβµ ∧ d3xγ −
1
6
δβαdp
νµ,γ
ν ∧ dΓαβγ ∧ d3xµ .
Proposition 15. There exists a diffeomorphism ζ : PΓ → P such that Ω0HΓ = ζ∗ΩH and hence the
Hamiltonian systems (PΓ,ΩHΓ) and (P,ΩH) are equivalents.
Proof. Using the pure-connection coordinates in P , the diffeomorphism is locally given by
ζ∗xµ = xµ , ζ∗Γαβγ = Γ
α
βγ , ζ
∗pγµ = pνγ,µν .
Its inverse acting on the momenta is given by
ζ−1∗xµ = xµ , ζ−1∗Γαβγ = Γ
α
βγ , ζ
−1∗pβγ,µα = ζ
−1∗
(
1
3
δβαp
νµ,γ
ν −
1
3
δµαp
νβ,γ
ν
)
=
1
3
δβαp
µγ − 1
3
δµαp
βγ ,
and is an exhaustive map because Im(ζ−1) = PΓ, as a consequence of the reasoning done before in this
paragraph. The equality Ω0HΓ = ζ
∗ΩH is obtained straightforwardly from the local expressions of these
forms.
5 Relation with the Einstein-Hilbert model
The Einstein-Hilbert model can be recovered from the Einstein-Palatini (Metric-Affine) model by de-
manding the connection to be the Levi-Civita connection associated with the metric [11]. In this section
we will show this equivalence geometrically.
5.1 The Einstein-Hilbert model
(See [25] for more details and the proofs of the results).
The Lagrangian description of the Einstein-Hilbert model (without energy-matter sources) is devel-
oped in the bundle piΣ : Σ→ M , where the fibres are spaces of Lorentz metrics on M ; that is, for every
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x ∈ M , the fiber pi−1Σ (x) is the set of metrics with signature (− + ++) acting on TxM . The adapted
fiber coordinates in E are (xµ, gαβ). The canonical projections of the jet bundles are pikΣ : J
kpiΣ → M .
The Hilbert-Einstein Lagrangian density (in vacuum) is LV = LV d4x, being LV ∈ C∞(J2piΣ) the
Hilbert-Einstein Lagrangian function, which is again LV = %R, where % =
√|det(gαβ)| and R is the
scalar curvature, but now the connection is the Levi-Civita connection of the metric g.
The Lagrangian formalism takes place in the higher-order bundle J3piΣ, with local coordinates
(xµ, gαβ, gαβ,µ, gαβ,µν , gαβ,µνλ), which is endowed with the Poincare´-Cartan 5-form associated with
LV, denoted by ΩLV ∈ Ω5(J3piΣ), and so we have the Lagrangian system (J3piΣ,ΩLV). It is a pre-
multisymplectic system since LV is singular and then, the constraint algorithm leads to a final constraint
submanifold Sf ↪→ J3piΣ where there are tangent holonomic multivector fields which are solutions to
the Lagrangian field equations.
The Hamiltonian formalism takes place in the bundle PΣ → M , where PΣ = FLV(J3piΣ). In
a similar way as in the Einstein-Palatini model, we can construct the Hamilton-Cartan form ΩhV ∈
Ω5(P) which verifies that ΩLV = FLoV∗ΩhV ; where FLoV : J3piΣ → PΣ is the restricted Legendre map
associated with LV. So we have the Hamiltonian system (P,ΩhV). The form ΩhV is multisymplectic
and then PΣ is the final constraint submanifold for the Hamiltonian field equations. The essential thing
is that it can be proved that PΣ is diffeomorphic to J1piΣ (and hence to J1piΣ∗).
It is proved [7, 42] that there are first-order (regular) Lagrangians in J1piΣ which are equivalent to
the the Hilbert-Einstein Lagrangian and that allow us a description of the Einstein-Hilbert model in J1piΣ
(with coordinates (xµ, gαβ, gαβ,µ)). The first-order Lagrangian density proposed in [41] is L = Ld4x,
where the Lagrangian function is
L = L0 −
∑
α≤β
λ≤σ
gαβ,µgλσ,ν
∂Lαβ,µν
∂gλσ
∈ C∞(J1piΣ) ;
Lαβ,µν =
n(αβ)
2
%(gαµgβν + gανgβµ − 2gαβgµν) ,
L0 = %g
αβ{gγδ(gδµ,βΓ˜µαγ − gδµ,γΓ˜µαβ) + Γ˜δαβΓ˜γγδ − Γ˜δαγΓ˜γβδ} ,
where Γ˜µαγ are the Christoffel symbols of the Levi-Civita connection associated with the metric gαβ . The
corresponding Poincare´-Cartan form is
ΩL = dL ∧ d4x−
∑
α≤β
d
∂L
∂gαβ,µ
∧ dgαβ ∧ d3xµ ∈ Ω5(J1piΣ) .
So we have the Lagrangian system (J1piΣ,ΩL) and, as the Lagrangian L is regular, then ΩL is a multi-
symplectic form and the Lagrangian field equations have solutions everywhere in J1piΣ.
In addition, the corresponding Legendre map FL : J1piΣ → J1piΣ∗ is a diffeomorphism. Then we
have the Hamilton-Cartan form Ωh := ((FL)−1)∗ΩL ∈ Ω5(J1piΣ
∗
). So we have the Hamiltonian
system (J1piΣ
∗
,Ωh) and the corresponding Hamiltonian field equations have solutions everywhere in
J1piΣ
∗. In addition, the solutions to the Lagrangian problem are in one-to-one correspondence with thes
solution to the Hamiltonian problem through the Legendre map.
5.2 Relation between the Einstein-Hilbert and the Metric-Affine models
The pre-metricity constraints determine the derivatives of the metric in function of the metric and the
connection. The converse, which is a similar result to the existence of the Levi-Civita connection, can be
formulated as follows:
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Proposition 16. Let (M, g) be a (semi)-Riemmanian manifold of dimension m > 1 and Cα ∈ C∞(U),
1 ≤ α ≤ m, fixed functions defined on a open set U ⊂M . Then there exists a unique linear connection
Γ defined on U such that:
1. Pre-metricity: (∇Γg)ρσ,µ = 2
m− 1gρσT
λ
λµ.
2. Torsion: Tαβγ =
1
m− 1 δ
α
β T
λ
λγ −
1
m− 1 δ
α
γ T
λ
λβ
3. Gauge fixing: Γλαλ = Cα.
Proof. From the pre-metricity conditions we have
1
2
gµα(gρµ,σ + gσµ,ρ − gρσ,µ) = Γαρσ +
1
2
(gµαgρλT
λ
σµ + g
µαgσλT
λ
ρµ − Tαρσ)
+
1
m− 1(T
λ
λσδ
α
ρ + T
λ
λρδ
α
σ − gαµgρσT λλµ) .
Using the torsion conditions and the gauge fixing we get
1
2
gµα(gρµ,σ + gσµ,ρ − gρσ,µ) = Γαρσ +
1
m− 1Γ
λ
λρδ
α
σ −
1
m− 1Cρδ
α
σ ,
and contracting the indices α and ρ and rearranging the terms:
1
m− 1 Γ
λ
λσ =
1
2m
gµνgµν,σ +
1
m(m− 1)Cσ .
Finally, incorporating this result to the previous equation, we conclude that
Γαρσ =
1
2
gµα(gρµ,σ + gσµ,ρ − gρσ,µ)− 1
2m
gµνgµν,ρδ
α
σ +
1
m
Cρδ
α
σ ,
which determines uniquely the connection in U .
Comment: This proposition is invariant under diffeomorphism in the following sense: it has been shown
in Section 3.3.2 that the pre-metricity and torsion conditions are invariant. For the gauge fixing condition
3, consider an infinitesimal Lagrangian symmetry j1YZ , and compute de Lie derivative
0 = L(j
1YZ)(Cα − Γλαλ) = fµ
∂Cα
∂xµ
+
∂fµ
∂xα
Γλµλ +
∂2fλ
∂xα∂xλ
.
Since f is a diffeomorphism in M , its Jacobian matrix Jf is invertible:
Γλαλ = −(J−1f )µα
(
∂2fλ
∂xµ∂xλ
+ fµ
∂Cα
∂xµ
)
≡ C ′α ∈ C∞(M) .
Therefore, a diffeomorphism in the space-time manifold changes only the functions Cα; that is, the
particular choice of a gauge.
In order to establish the relation between both models, our standpoint is the Hamiltonian formalism of
the Einstein-Palatini model developed in Section 4.2. So, letPf ↪→ P be the final constraint submanifold
for this last model. Then, consider the following local map:
ξ : P → J1piΣ
(xµ, gαβ,Γ
α
βγ) 7→ (xµ, gαβ, gαβ,γ)
where gαβ,γ = gαλΓ
λ
µβ + gβλΓ
λ
µα +
2
3gαβT
λ
λµ. Notice that τP ◦ f = pi1Σ ◦ ξ.
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Lemma 2. Denoting by G the set of gauge variations obtained in Proposition 11, we have that ker ξ∗ = G.
Proof. Consider a generic vector field X ∈ X(P), tangent to Pf ,
X = fµ
∂
∂xµ
+
∑
α≤β
fαβ
∂
∂gαβ
+ fαβγ
∂
∂Γαβγ
.
If X ∈ ker ξ∗, then fµ = 0 and fαβ = 0. For the last coefficients we have:
0 = ξ∗X = gαλfλγβ + gβλf
λ
γα +
2
3
gαβ
(
fλλγ − fλγλ
)
.
For the coefficients of the form fαβγ = Cβδ
α
γ for Cβ ∈ C∞(P), the condition holds. Now, for every
solution fαβγ to these equations, consider h
α
βγ = f
α
βγ − fλλβδαγ , which are also solutions because the
equation is linear. Thus
gαλh
λ
γβ + gβλh
λ
γα −
2
3
gαβh
λ
γλ = 0 . (41)
Notice that hννγ = 0. Now, contracting with g
αβ , we obtain that hλγλ = 0. Furthermore, as we are on the
points of Pf , where the torsion constraints hold, this implies that hαβγ − hαγβ = 0, and therefore they are
symmetric functions (for the indices βγ). Now, if Sαγβ := gαλhλγβ; taking into account the symmetry of
hαβγ , we have that Sαγβ = Sαβγ , and from (41) we obtain Sαγβ = −Sβγα. These two conditions hold
simultaneously only if Sαγβ = 0. Therefore, hαβγ = 0, and hence ker ξ∗ =
〈
Cβδ
α
γ
∂
∂Γαβγ
〉
= G.
Let P ′f be the manifold obtained making the quotient of Pf (which is defined by the torsion con-
straints) by the gauge vector fields, and let the natural projection τ ′f : Pf → P ′f . Then:
Theorem 2. P ′f is locally diffeomorphic to J1piΣ and hence to J1piΣ∗.
Proof. Consider a smooth section ς of τ ′f , and let ξ
′ := ξ ◦ ς : P ′f → J1piΣ. From lemma 2, ker ξ∗ ⊃ G;
therefore ξ′ does not depend on the section chosen. Moreover, ker ξ∗ ⊂ G and it is injective. Finally, it
is exhaustive because for every point of J1piΣ, its preimage contains the connection given by proposition
16. In conclusion, ξ′ is a local diffeomorphism and then P ′f is (locally) diffeomorphic to J1piΣ.
Then, a simple calculation in coordinates leads to the following result:
Proposition 17. ΩH = ξ∗ΩL = (FL ◦ ξ)∗Ωh.
Comment: The comparison between the multiplicity of solutions of the Einstein-Hilbert and the Metric-
Affine models can help us to interpret some of the conditions. The multiplicity of the semiholonomic
solutions of the Einstein-Hilbert model appears in the second derivative of the components of the metric
(in the Hamiltonian formalism using the non-momentum coordinates). They are of the form (see [25])
Fαβ;µ,ν =
1
2gλσ(Γ
λ
ναΓ
σ
µβ + Γ
λ
νβΓ
σ
µα) + F
h
αβ;µ,ν , where
F hαβ;µ,ν = F
h
βα;µ,ν = F
h
αβ;ν,µ , g
αβ
(
F hητ ;α,β + F
h
αβ;η,τ − F hαη;τ,β − F hατ ;η,β
)
= 0 .
The map ξ transforms any section ψ solution of the Einstein-Palatini model into a solution ξ∗ψ of the
Einstein-Hilbert model. The functions Cαβγ,µ in (34), corresponding to the gauge variation, get annihi-
lated by the action of ξ. Therefore, we can say that the functionsKαβγ,µ (corresponding to ψ) and F
h
αβ;µ,ν
(corresponding to ξ∗ψ) are related, as they are in one to one correspondence. Their conditions can be
related using this equivalence as it is shown in the following table: supposing that F hαβ;µ,ν and K
α
βγ,µ are
related, we have:
J. Gaset and N. Roma´n-Roy, Multisymplectic approach to the Einstein-Palatini action. 29
Metric-Affine Einstein-Hilbert
Kλ(ητ)λ = 0 ⇔ gαβ(F hητ ;α,β + F hαβ;η,τ − F hαη;τ,β − F hατ ;η,β) = 0
gαλK
λ
[νβµ] + gβλK
λ
[ναµ] + 2gαβT
λ
µνΓ
σ
σλ = 0 ⇔ F hαβ,[µν] = 0
Kλλγ,µ = 0 For any F
h
αβ,µν
Kα[βγ],µ +
1
3δ
α
[βK
ν
γ]ν,µ + Γ
λ
µ[γΓ
α
β]λ − 13δα[βΓλµγ]Γννλ
+13δ
α
[βΓ
λ
µνΓ
ν
γ]λ = 0 For any F
h
αβ,µν
For any Kαβγ,µ F
h
[αβ],µν = 0
5.3 Integrability
In the (first-order) Einstein-Hilbert model, every point p ∈ J1piΣ is in the image of a section solution
to the field equations, Im(ϕp), since J1piΣ is the final manifold for this model. As a consequence of
the equivalence between both models, Pf must be also the final constraint submanifold for the Einstein-
Palatini model; that is:
Proposition 18. For every q ∈ Pf , there exists a section ψH solution to the Hamiltonian field equations
of the Metric-Affine model such that q ∈ Im(ψH).
Proof. Consider the solution ϕξ(q) in the Einstein-Hilbert Hamiltonian formalism. Moreover, consider
ζ : J1piΣ → Pf ⊂ P a section of ξ such that ζ(ξ(q)) = q which exists because ξ is exhaustive. Therefore
q ∈ Im(ζ ◦ϕξ(q)) and, in order to check that ζ ◦φξ(q) is a solution, consider an arbitrary Y ∈ X(P); then
(ζ ◦ ϕξ(q))∗(i(Y )ΩH) = (ζ ◦ ϕξ(q))∗(i(Y )ξ∗ΩLV)
= (ξ ◦ ζ ◦ ϕξ(q))∗(i(ξ∗Y )ΩLV) = ϕ∗ξ(q)(i(ξ∗Y )ΩLV) = 0 ;
where we have used that (ξ ◦ ζ)(p) = p because it is a section, and that ϕξ(q) is a solution. Finally,
τP ◦ f ◦ ζ ◦ ϕξq = pi1Σ ◦ ξ ◦ ζ ◦ ϕξ(q) = pi1Σ ◦ ϕξ(q) = IdM ;
thus ψH = ζ ◦ ϕξ(q) is a section of τP ◦ f = τ f , and hence it is a solution.
The Lagrangian counterpart of this result also holds, although it is not straightforward because we
are working with a singular field theory.
Proposition 19. For every p ∈ Sf , there exists a holonomic section ψL solution to the Lagrangian field
equations of the Metric-Affine model such that p ∈ Im(ψL).
Proof. Consider the diffeomorphism τP : P → E stated in Proposition 7 (in particular, it relates the
Lagrangian coordinates with the non-momenta coordinates). Then we have that τ−1P (pi
1
f (p)) ∈ Pf . Fur-
thermore there exists a solution to the Hamiltonian field equations ψH such that τ−1P (pi
1
f (p)) ∈ Im(ψH),
as it is shown in the above Proposition. Then, we are going to prove that the holonomic section ψL
solution in the Lagrangian formalism is ψL = j1(τP ◦ ψH).
In fact, first observe that, for the Metric-Affine model, the fibers of the Legendre map FLoEP are
the vertical fibers of pi1 : J1pi → E (since P = ImFLoEP is diffeomorphic to E), and then, as ψL is
a canonical lifting to J1pi of a section in E, we have that FLoEP ◦ ψL = ψH . Furthermore, ψL is a
solution to the Lagrangian field equations. Indeed, as FLoEP is a submersion, we can take a local basis of
X(J1pi) made by vector fields {YA, Za}, where YA are FLoEP-projectable and Za ∈ ker (FLoEP)∗; and
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then the vector fields XA = (FLoEP)∗YA are a local basis for X(P). Therefore, taking into account that
FLoEP ◦ ψL = ψH and that ψH is a solution to the Hamiltonian field equations,
ψ∗L i(YA)ΩLEP = ψ
∗
L i(YA)(FLo ∗EP ΩH) = ψ∗LFLo ∗EP i(XA)ΩH
= (FLoEP ◦ ψL)∗ i(XA)ΩH = ψ∗H i(X)ΩH = 0 ;
and ψ∗L i(Za)ΩLEP = 0 trivially. This allows us to conclude that ψ
∗
L i(Y )ΩLEP = 0, for every Y ∈
X(J1pi), and hence ψL is is a solution to the Lagrangian field equations.
Finally, ImψL ⊂ Sf . Indeed, equations (32) and (33) for ψH imply that all the points in ImψL
verify the constraints cµν andmρσ,µ. The constraints rαβγ,ν and iρσ,µν are also satisfied because they arise
from the tangency condition on the semiholonomic constraints (see Section 3.2.2) and the integrability
condition respectively; and then they are satisfied for holonomic sections which are solutions to the
Lagrangian field equations.
The following diagram summarizes the situation (see also the diagram (37)).
J1pi ⊃ Sf
FLoEP //
pi1
((
Pf ⊂ P
τP
vv
E
M
ψL=j1φ
aa
ψH
==
φ
OO
6 Conclusions and outlook
We have presented a multisymplectic covariant description of the Lagrangian and Hamiltonian for-
malisms of the Einstein-Palatini model of General Relativity (without energy-matter sources). It is de-
scribed by a first-order “metric-affine” Lagrangian which is (highly) degenerate and hence it originates a
theory with constraints and gauge content.
The Lagrangian field equations are expressed in terms of holonomic multivector fields which are
associated with distributions whose integral sections are the solutions to the theory. Then, we use a
constraint algorithm to determine a submanifold of the jet bundle J1pi where, first, there exist semi-
holonomic multivector fields which are solution to these equations and are tangent to this submanifold,
and second, these multivector field are integrable (i.e., holonomic). The constraints arising from the
algorithm determine where the image of the sections may lay.
In coordinates, the Lagrangian field equations split into two kinds: the metric and the connection
equations (equations (7), (8), (9)). In the same way, the Lagrangian constraints can be classified into
three different types. First there are the torsion constraints, which impose strict limitations on the torsion
of the connection. Then we have the constraints which appear as a consequence of demanding the semi-
holonomy condition for the multivector field solutions (Theorem 1). In particular, the Euler-Lagrange
equations themselves (which appear as constraints of the theory as a consequence of the fact that the
Poincare´-Cartan form is pi1-projectable and the equations are first-order PDE’s), and specially the so-
called pre-metricity constraints, which are closely related to the metricity condition for the Levi-Civita
connection. Only the tangency condition on the torsion constraint lead also to new constraints. Finally, a
family of additional integrability constraints appear as a consequence of demanding the integrability of
the multivector fields which are solutions. Only the initial torsion constraints are projectable under the
Legendre mapFLEP (because the other ones appear as a consequence of demanding the (semi)holonomy
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of the solutions), and thus they are the only ones that also appear in the Hamiltonian formalism (see [30]
for an analysis of this subject for higher-order dynamical theories). We have obtained explicitly all
semiholonomic multivector fields solutions to the field equations (Proposition 23).
It is interesting to point out that, although there are regular Lagrangians that are equivalent to the
Hilbert-Einstein and the Einstein-Palatini Lagrangians (after a gauge reduction procedure), and which
are then defined in a shorter fiber bundle, these regular Lagrangians have not a clear physical and/or
mathematical interpretation, as it is the case of those of Hilbert-Einstein and Einstein-Palatini where the
Lagrangian function is essentially the scalar curvature.
We have done also a brief discussion about symmetries and conserved quantities, giving the expres-
sion of the natural Lagrangian symmetries, their conserved quantities and the corresponding flows.
The (covariant) multimomentum Hamiltonian formalism for the Einstein-Palatini model has been
also developed. The final constraint submanifold is also obtained in this formalism, and it is defined by
the FLEP-projection of the torsion constraints (Propositions 9 and 12). The explicit expression of the
multivector field solutions is obtained (Proposition 13) and their integrability is briefly analysed. The
local description is given using two different kinds of coordinates: the non-momenta coordinates which,
as a consequence of the Legendre map, are the same as in the Lagrangian case, and the pure-connection
coordinates, where the momenta associated to the connection replace the metric, resulting in metric-free
coordinates. An intrinsic interpretation of these last coordinates is also given.
Analyzing the gauge content of the model, we have obtained the local expression of the natural gauge
vector fields, both in the Lagrangian and the Hamiltonian formalisms (Propositions 6 and 14). We have
recovered the gauge symmetries discussed in [11], showing that there are no more. As it is known [5, 11],
it is possible to recover the Einstein-Hilbert model by a gauge fixing in the Einstein-Palatini model, which
consists in imposing the trace of the torsion to vanish. This particular gauge fixing transforms the torsion
and the pre-metricity constraints, which are a consequence of the constraint algorithm, to the torsionless
and the metricity conditions respectively (Proposition 4). This equivalence has been studied in detail
if a gauge quotient is used instead of a particular gauge fixing (Theorem 2 and Propositions 16 and
17). We have used this analysis to establish the geometric relation between the Einstein-Palatini and the
Einstein-Hilbert models, including the relation between the holonomic solutions in both formalisms.
Finally, using this equivalence, we have been able to prove that the constraint submanifolds Sf and
Pf obtained from the Lagrangian and Hamiltonian constraint algorithms, respectively (where there exist
multivector fields tangent to them, satisfying the geometric Lagrangian and Hamiltonian field equations
on them) are the (maximal) final constraint submanifolds where these multivector fields are integrable;
i.e., there are sections solutions to the field equations passing through every point on them (Propositions
18 and 19).
In a next paper we will study the Einstein-Palatini model with energy-matter sources, analyzing how
the type of source influences the constraints, the gauge freedom and the symmetries of the theory.
A Appendix: Symmetries and gauge symmetries of a Lagrangian system
In this appendix we state geometrically the basic definitions and results about symmetries of Lagrangian
field theories (see, for instance, [15, 23] for details).
Thus, consider a singular Lagrangian system (J1pi,ΩL), (ΩL ∈ Ω4(J1pi)), with final constraint
submanifold jf : Sf ↪→ J1pi, and the natural submersions pi1f = pi1 ◦ jf : Sf → E, pi1f = pi1 ◦ jf : Sf →
M . Let Ωf = j∗fΩL be the restricted Poincare´-Cartan form.
The most relevant kinds of symmetries are the following:
Definition 6. A Cartan or Noether symmetry of (J1pi,ΩL) is a diffeomorphism Φ: J1pi → J1pi such
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that Φ(Sf ) = Sf and Φ∗ΩL = ΩL (on Sf ). In addition, if Φ∗ΘL = ΘL (on Sf ), then Φ is an exact
Cartan symmetry. Furthermore, if Φ = j1ϕ for a diffeormorphism ϕ : E → E, the Cartan symmetry is
said to be natural.
An infinitesimal Cartan or Noether symmetry of (J1pi,ΩL) is a vector field X ∈ X(J1pi) tangent to
Sf satisfying that L(X)ΩL = 0 (on Sf ). In addition, if L(X)ΘL = 0 (on Sf ), then Y is an infinitesimal
exact Cartan symmetry. Furthermore, if X = j1Y for some Y ∈ X(E), then the infinitesimal Cartan
symmetry is said to be natural.
Symmetries transform solutions to the field equations into solutions. In particular, for natural sym-
metries we have:
Proposition 20. If Φ = j1φ : J1pi → J1pi, for a diffeormorphism ϕ : E → E, is a natural Cartan
symmetry, andX ∈ ker4 ΩL is holonomic, then Φ transforms the holonomic sections ofX into holonomic
sections, and hence Φ∗X ∈ ker4 ΩL is also holonomic.
As a consequence, if X = j1Y ∈ X(J1pi) is a natural infinitesimal Cartan symmetry, and Φt is a
local flow of X , then Φt transforms the holonomic sections ofX into holonomic sections.
Proof. Let j1ϕ : M → J1pi be an holonomic section of X, for ϕ : M → E; then it is a solution to the
field equations and then (j1ϕ)∗ i(X ′)ΩL = 0, for every X ′ ∈ X(J1pi). Therefore, on the points of Sf ,
(j1(φ ◦ ϕ))∗ i(X ′)ΩL = ((j1ϕ)∗(j1φ)∗ i(X ′)ΩL) = (j1ϕ)∗ i((j1φ)−1∗ X ′)(j1φ)∗ΩL
= (j1ϕ)∗ i((j1φ)−1∗ X
′)ΩL = 0 ,
since (j1ϕ) is a solution to the field equations. Then j1(φt◦ϕ) is also a solution to the field equation. The
last statement is immediate since, by definition, the local flows Φt : J1pi → J1pi of j1Y are canonical
liftings of the local flows φt : E → E of Y .
In particular, we are specially interested in symmetries of the Lagrangian:
Definition 7. A Lagrangian symmetry of (J1pi,ΩL) is a diffeomorphism j1φ : J1pi → J1pi, for some
φ ∈ Diff(E), such that (j1φ)(Sf ) = Sf and (j1φ)(L) = L (on Sf ).
An infinitesimal Lagrangian symmetry of (J1pi,ΩL) is a vector field j1Y ∈ X(J1pi), for some
Y ∈ X(E), such that j1Y is tangent to Sf and L(j1Y )(L) = 0 (on Sf ).
Comment: It is well known that canonical liftings of diffeomorphisms and vector fields preserve the
canonical structures of J1pi. Therefore, if j1φ : J1pi → J1pi is a Lagrangian symmetry, as the La-
grangian density L is invariant, then (j1φ)∗ΘL = ΘL, and hence it is an exact Cartan symmetry. As
a consequence, if j1Y ∈ X(J1pi) is an infinitesimal Lagrangian symmetry, then L(j1Y )ΘL = 0, and
hence it is an infinitesimal exact Cartan symmetry.
Symmetries are associated to the existence of conserved quantities or conservation laws:
Definition 8. A conserved quantity of the Lagrangian system (J1pi,ΩL) is a form ξ ∈ Ωm−1(J1pi) such
that L(X)ξ = 0 (on Sf ), for everyX ∈ kermpi1 ΩL.
If ξ ∈ Ωm−1(J1pi) is a conserved quantity and X ∈ kerm ΩL is integrable, then ξ is closed on
the integral submanifolds of X; that is, if jS : S ↪→ J1pi is an integral submanifold, then dj∗Sξ = 0.
Therefore, for every integral section ψ : M → J1pi ofX, in a bounded domainW ⊂M , Stokes theorem
allows to write ∫
∂W
ψ∗ξ =
∫
W
dψ∗ξ = 0 ;
and the form ψ∗ξ is called the current associated with the conserved quantity ξ.
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Furthermore, Noether’s theorem in this context states that if X ∈ X(J1pi) is an infinitesimal Cartan
symmetry, with i(X)ΩL = dξX (on U ⊂ J3pi), then ξX is a conserved quantity. As a particular case, if
X is an exact infinitesimal Cartan symmetry then ξX = i(X)ΘL. For every integral submanifold ψ of
X, the form ψ∗ξX is then called a Noether current.
The standard use of the term gauge in Physics is for describing certain kinds of symmetries which
arise as a consequence of the non-regularity of the system (i.e. the Lagrangian function) and lead to
the existence of states (i.e., sections solution to the field equations) that are physically equivalent. This
characteristic is known as gauge freedom. Next we introduce and discuss the geometric concept of these
gauge symmetries for Lagrangian field theories, inspired by the geometric treatment given in [2, 28]
about gauge freedom and gauge vector fields for non-regular dynamical systems.
When a Lagrangian system has gauge symmetries, a relevant problem consists in removing the un-
physical redundant information introduced by the existence of gauge equivalent states. This is achieved
implementing the well-known procedures of reduction. This procedure rules as follows: their local gen-
erators, which are called ‘gauge vector fields’, generate an involutive distribution in TSf and hence we
can quotient the manifold Sf by this distribution in order to obtain a quotient set which is made of the
true physical degrees of freedom of the theory and is assumed to be a differentiable manifold S˜f . Fur-
thermore, S˜f is a fiber bundle over M , with projection piSf : S˜f →M . and the real physical states of the
field are the sections of this projection. This is known as the gauge reduction procedure for removing the
(unphysical) gauge degrees of freedom of the theory. An alternative way to remove the gauge freedom
consists in taking a (local) section of the projection p˜if , and this is called a gauge fixing.
Gauge vector fields must have the following properties:
- Denote X(Sf ) := {X ∈ X(J1pi) | X is tangent to Sf}. As the flux of gauge vector fields connect
equivalent physical states, they must be elements of X(Sf ).
- As we have said, the existence of gauge symmetries and of gauge freedom is related to the non-
regularity of the Lagrangian L (and conversely). As a consequence of this, in general the restricted
Poincare´-Cartan form Ωf is degenerated and then it is a pre-multisymplectic form. Therefore, it is rea-
sonable to think that the gauge reduction procedure, which removes the (unphysical) gauge degrees of
freedom, must remove also the degeneracy of the form. Hence, gauge vector fields should be the elements
of the set
ker Ωf := {X ∈ X(Sf ) | j∗f i(X)ΩL = 0} ,
or, what is equivalent, if XSf ∈ X(Sf ) is such that jf∗XSf = X|Sf , for every X ∈ X(Sf ), then
0 = j∗f i(X)ΩL = i(X
Sf )j∗fΩL = i(X
Sf )Ωf ,
and then XSf ∈ ker Ωf . The flux of these vector fields transform solutions to the field equations into
solutions, but without preserving the holonomy necessarily.
- Gauge vector fields must be pi1-vertical (we denote by XV (pi
1)(J1pi) the set of pi1-vertical vector fields).
In this way, we assure that the base manifold M does not contain gauge equivalent points and then all
the gauge degrees of freedom are in the fibres of J1pi. Therefore, after doing the reduction procedure or
a gauge fixing in order to remove the gauge multiplicity, the base manifold M remains unchanged.
- Furthermore, it is usual to demand that physical symmetries are natural. This means that they are
canonical liftings to the bundle of phase states of symmetries in the configuration space E; that is,
canonical lifting to J1pi of vector fields in E. This condition assures that gauge symmetries transform
holonomic solutions to the field equations into holonomic solutions (see Prop. 20).
As a consequence of all of this, we define:
Definition 9. X ∈ X(J1pi) is a geometric gauge vector field (or a gauge variation) of (J1pi,ΩL) if
X ∈ ker Ωf . The elements X ∈ ker Ωf ∩XV (pi1)(J1pi)) are the vertical gauge vector fields (or vertical
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gauge variations). Finally, if X ∈ ker Ωf ∩XV (pi1)(J1pi)) and is a natural vector field, it is said to be a
natural gauge vector field (or a natural gauge symmetry).
In this paper we are interested only in natural gauge vector fields.
All these definitions and properties can be stated in an analogous way for the Hamiltonian system
(P,ΩH) associated with (J1pi,ΩL).
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